Math for Machine Learning

By: Samuel Deng



Logistics and Announcements
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Lesson Overview

Regression. Fill in gaps from last time: invertibility and Pythagorean theorem.
-—

Subspaces. Subsets of & C R" where we “stay inside” when performing linear
K combinations of vectors.

Bases. A “language” to describe all vectors in a subspace.

~——
=

Orthogonality. Orthonormal bases are “good” bases to work with.

Projection. Formal definition of projection and the relationship between projection and
least squares.

Least squares with orthonormal bases. If we have an orthonormal basis for
span(col(X)), least squares becomes much simpler. v
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Lesson Overview
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Least Squares
A Quick Review



Vectors

Review from linear algebra

Vectors can interchangeably thought of as points:

or “arrows’:
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Regression
Setup W

g >

v)
Observed: Matrix of training samples X € [R’”@and vector of training labels y € R

v
[ O R v d

] R [P, Lyl &
n 4
Unknown: Weight vectoY w € R \vith weights Wi, ooy Wy I X ‘ 'ﬁ@ | W,

Goal: For each i € [n], we predict: ; = W'Xx, = w,x;; + ... + w,x,, € R,
LSS L B2

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

1oy . A .
2 | (mier( wed o
‘ro
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Regression

A note on intercepts

T

Goal: For each i € [n], we predict: y. =W X, =wx;; + ... + wx, € R.

This “homogeneous” equation doesn’t account for intercepts!

What if we want: y, = W' X; = wx;; + ... + W x;; + wy?
— o =

\[= V:\_/Y-I' "

S\"fe :;. {wvvercep .
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Regression

A note on intercepts

T

Goal: Foreach i € [n], we predict: y, =W X = wx;; + ... + wx,, € R.

This "homogeneous” equation doesn’t account for intercepts!

T

What if we want: y, = W'X; = wx;; + ... + WX, ; + wy?

Solution: We modify add a “dummy” | to each example:

X, = [xl- e Xy \’:D

Same as transforming the data matrix X € R4 into X’ € R"™(@+1).
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Regression

A note on intercepts

T

Goal: For each i € [n], we predict: y, = W'X. = wx;; + ... + wx,, € R.

This *homogeneous” equation doesn’t account for intercepts!

T

What if we want: y, = W X, = wix;; + ... + wyx,; + wy?

Solution: We modify add a “dummy” | to each example:

Same as transforming the data matrix X € R into X’ € R™@+1).
1 T 1 (!
X: Xl Xd — X’: Xl Xd .
R L R | 1
Choose a weight vector that fits X" such that y; & y. for i € [n], or: wW = (w, ;e WJ’ Wo )

oo

X'W =Yy = y.The last (d + 1) entry of w is the intercept, w.
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Regression

A note on intercepts

T

Goal: Foreachi € [n], we predict: y; = W' X, = wx;; + ... + W x,; + wy?

Solution: We modify add a “dummy” | to each example:

XiT:[xil e Xy ]

Same as transforming the data matrix X € R™ into X’ € R"™X@+D):

T T T T 1
X=X ... Xj — X'= | X; ... X, :
| | ! 1
Choose a weight vector that fits X" such that y; & y. for i € [n], or:

X'W =Yy x y.Thelast (d + 1) entry of w is the intercept, w,,.

We can always do this WLOG, so we’ll focus on the “homogeneous” case.
r
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Least Squares

q\év\ﬂ\\s —
5@ e 1Y
Summary [~ . gaer & red
w
Use the principle of least squares to find the w € R that minimizes
15 — 1> = 1Xw - y]> [ %

* .
Using geometric intuition: Y is the vector for which y — 'y is perpendicular to Y , C,’ ) 15
span(col(X)). °° ‘ ) 05
By Pythagorean Theorem, any other vector ¥ € span(col(X)) gives a larger T o - . o
error: T e ¥ E ()

© ~ o oM ( 21«
Iy —ylI* < Iy — ylI*. )
—
Because Y — Y is perpendicular to span(col(X)), we obtain the normal
equations: T TR mysy Smoyely m==yny @y 0y ey
A T Click +n
:( -1 X - [ X"Xw=Xy.
\LVJ TN i .

If n > d and rank(X) = d, then X' X js invertible, and )( " = ‘

w ] \'ad |
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o

G

Summary

Use the principle of least squares to find the w € R that minimizes

Iy = ylI* = [IXw - yl|*

Using geometric intuition: Y is the vector for which y — 'y is perpendicular to
span(col(X)).

By Pythagorean Theorem, any other vector ¥ € span(col(X)) gives a larger
error:

Iy = ylI> < Iy =yl

Because Y — Yy is perpendicular to span(col(X)), we obtain the normal
equations:

T — X7
XXw =XTy.

‘ if n > d and rank(X) = d, then X' X is invertible, and '
m

W= X X) Xy,
A @
W -y =

)

AR

Least Squares £,

| — D
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Least Squares

First missing item: invertibility of X'X

f n > d and rank(X) = d, then X' X is invertible.
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Subspaces
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A subspace Is a set of vectors that “stays within” the set under all linear
combinations of the vectors.

Subspaces

Idea
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Subspaces

Definition

A subspace & C R" is a subset of vectors that satisfies the property: if
V,WE &, thenav + fw € & forany a, f € R.

‘\/.—\f-':g

Any subspace & contains the zero vector: 0 € &
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Subspaces

Examples

Example: & := |
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Subspaces

Examples

a(|>

Example: &, 1= {v € R*:v, =0}
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Sub
spaces
(\
|
C\ l, )

E
xamples

Exam
ple: &
, = {veR’; |
.
N 2 2.3

\7
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Span

Review
For a collection of vectors a,, ...,a, € R", the span is the set of vectors we can attain through linear
combinationsofa,, ..., a,/ —

span(a;,...,a;)) =< yER" 1y = Za-a- a; € R

Recall that thys is equivalent to all the y € R4 \we obtain from matrix vector multiplication!

)1 T T T 231 -4
y=Aaie. | ‘| =]a ... ;||| = a+..+0dydy

7 Yn Il g
)

LW oy comVLi\areon ¢
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Subspaces

Examples

Example: &5 := span ( [
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Subspaces

Examples

(Non)Example: &, := {v € |
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Subspaces

Specific example: span(col(X)) g - ¥

— ( [

c,olmwwsfmce |
Let X € R™<_ The columns are X1, ..., X7 € | "

span(col(X)) = yeR":y=wx;+ ... + WX}
& MATEIX VECTOE MVLT\@QLICATIo™
!
e #7 1exek
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Bases & Dimension



Basis

ldea @

For a subspace &, a basis is a minimal set of vectors that can “linearly
describe” any vector in &. A “language” for vectors in &'.
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Basis awlont

Linear Independence and Span | va o

Recall the following two notions.

A collection of vectors ay, ...,a, € R" is linearly independent if %

a;a;+ ... +aa,=0ifand only if a; = O for all i € [d].
—_ —

For a collection of vectors a,, ..., a,; € | " the span is the set of vectors we
can attain through linear combinations of a¢, ..., a;:

span(a;,...,a;,) =4y € R":
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Basis

Definition

For a subspace & C R", asetof vectorsa,...,a, € & is a basis for & if:
L @d = T

& = span(a;,...,a,) and a,, ..., a, are linearly independent.
- >

Bases are not unigue — there are infinitely many bases for any subspace.

" However, all bases have the same number of elements. —_ J,W SV,
|
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Basis

Examples

Example: & := |

X
Clo, 2°)

2] 2] s e s
[’-zzp) = 2 % b -

d Crr2?, (o, —$)%
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Basis c.(v, Ve, V)

Examples

Example: &' :

L 16’
:{VER%\:VIZO}
-:(:J

(e -§')
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Basis

Examples

Example: &, := {V € R - Vi =V, f




Dimension of a Subspace

Definition

The dimension of a subspace is the size of any of its bases. For a subspace &,
write this as dim(&’).
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Matrices & Subspaces

Every matrix comes with four subspaces

Let X € R™“ be a matrix. GO ( col(¢Y)

(’

@ Its columnspace is col(X) = {y €| D) y = Xw, forany w € | d}. — .

lts nullspace/kernel is ker(X) := {w € RY: Xw =0}. X

its rowspace is col(X') = {y e R?: y =X'v, foranyv € R"}. ¥

its left nullspace is ker(X') == {ve R": X'v = 0}. X

Rank-nullity theorem: n = dim(col(X)) + dim(ker(X)).
- 0
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Matrices & Subspaces

Columnspace of a matrix

Let X € |

nXd he g matrix, with columns Xy, ..., X, € |

We can think of its columnspace as:

col(X):= {y € R": y = Xw, forany w € RY} Matn¥" Ve

={yeR":y=wx,+... +wx, forany w; € |

This is a subspace that “"comes with” any matrix.

kot WM l(f.

I Uireor
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Matrices & Subspaces

Rank of a matrix

Let X € R™4 pe g matrix, with columns X;, ..., X, € |
] d

The rank of X is the number of linearly independent columns (which is the same
as the number of linearly independent rows).

It is always the case that: rank(X) < min{n, d}. If rank(X) = min{n, d}, then
we say X is full rank. L—
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Matrices & Subspaces
Rank & Invertibility

Let X € R%? pe a square matrix.

It is always the case that: rank(X) < d. If rank(X) = d, then we say X is full
rank.

Basic fact from linear algebra:

‘ X js invertible if and only if it is full rank.
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Matrices & Subspaces

Dimension of the columnspace

Let X € R™4 pe g matrix, with columns X, ..., X, € |
col(X) = span(xy, ..., X )
rank(X) = how many of X;, ..., X ; are linearly independent

So, if rank(X) = d, then X, ..., X, form a basis for the columnspace!



Least Squares

First missing item: invertibility of X'X

.T

XX = X Y

f n > d and rank(X) = d, then X' X is invertible.
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Least Squares

First missing item: invertibility of X'X

oy of

———————————— —. m
Proof. To show that X' X is invertible, show rank(X ' X) = d.
L
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Least Squares ) ]

First missing item: invertibility of X'X

Proof. To show that X' X is invertible, show X' X has d linearly independent
columns. S

i) XXw=0 — w=0. (
~3 —
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Least Squares

First missing item: invertibility of X'X

- .

)( hoao o lwsal’-f,
Proof. To show that X' X is invertible, show X' X has d linearly independent

columns. L——
¢ M
X'Xw=0 —= w=0.

S

Suppose X' Xw = 0. Let w € R4 be any vector.
[ g \——r
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Least Squares

First missing item: invertibility of X'X

Proof. To show that X' X is invertible, show X' X has d linearly independent
columns.

X'Xw=0 — w=0.

Suppose X' Xw = 0. Let w € R4 be any vector. Take a dot product of both sides
. (’—’_d
with w;

Tv T _ o Th
&XXW—&O—O.
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Least Squares

First missing item: invertibility of X'X

Proof. To show that X' X is invertible, show X' X has d linearly independent columns.

X'Xw=0 — w=0.

W
Yo I = © w' X' Xw = || Xw]||* = 0.
\ \ \TJ
= 0 (WXT) X = () A
—_— ®" €

| %~ 1] =
|| )(WIIT

Suppose X' Xw = 0. Let w € R be any vector. Take a dot product of both sides with
: T _ B"’HT
(A8 .
F\

‘\] (Y T
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Least Squares A TR

First missing item: invertibility of XX l

Proof. To show that X' X is invertible, show X' X has d linearly independent columns.

X'Xw=0 — w=0.

Suppose X' Xw = 0. Let w € R be any vector. Take a dot product of both sides with

- <«

IXw[]? = Xw=0.

Y



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Least Squares

First missing item: invertibility of X'X
Irst missing item: invertibility o fonk (R & wodv, d3

«

Proof. To show that X ' X is invertible, show X'X has d linearly independent columns.

X'Xw=0 — w=0.

Suppose X' Xw = 0. Let w € R be any vector. Take a dot product of both sides with W

IXw||? = Xw=0. Voo = b = Wzo
S —_—

But rank(X) = d, so X has d linearly independent columns. Therefore, w = ().

r— - | I

oo = (i W) [n) -2
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Least Squares

First missing item: invertibility of X'X



Least Squares

Summary

Use the principle of least squares to find the w &€ R4 that minimizes

1§ = ylI* = [IXw - yl|*

Using geometric intuition: Yy is the vector for which y — y is
perpendicular to span(col(X)).

By Pythagorean Theorem, any other vector § € span(col(X)) gives a
larger error:

Iy —ylI> < lly = ylI*

(D

Because Y — Y is perpendicular, we obtain the normal equations:

XTXw = XTy.
A 7

If n > d and rank(X) = d, then X' X is invertible, ang

\] w=X"X)"XTy. Z
e

| — D

y -y m——y-ly ——y-y @y O Ay @~y

Clirk tn
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Least Squares

Second missing item: Pythagorean Theorem

By Pythagorean Theorem, any other vector ¥ € span(col(X)) gives a larger error:

[uy—wﬁsuy—wﬁl
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Orthogonality

Definition and Orthonormal Bases



Norms and Inner Products

Euclidean Norm

Recall the notion of “length” from | >, For a vector X = (x1, %) € R~

b [2, .2 X
1x|[, :=1/x7 + x5 ¢

‘__“
)((
Generalizing this, for x € R", the Euclidean norm (7 ,-norm) is:

x|, = x12 + ... +x,% =1/x'x.

2 T
x5 = x'X.

In this course, dropping the “2” and just writing ||X|| denotes the Euclidean norm.
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Orthogonality Moo Vet ]

Definition R
-

2

|
Two vectors v, w € R" are orthogonal if (v,w) = v'w = 0. In R* and |

this corresponds to our geometric notion of “perpendicular.”

A set of vectors is orthogonal if every pair of distinct vectors in the set is

orthogonal. N\
N, V, Vi

S
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Orthogonality o

Pythagorean Theorem . r

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

2 2 2
v+ wi= = 1Iv]l" + [Iw]l~,
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Orthogonality

Pythagorean Theorem

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

HV + WH2 — HVH2 + kuz Every triangle is a
love triangle when

you love triangles.
-Pythagoras




Orthogonality

Pythagorean Theorem

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

2 2 2
v+ wi= = 1Iv]l" + [Iw]l~,

Proof. Let v, w € R” be orthogonal vectors. Expand the square ||V + w||*.



Orthogonality

Pythagorean Theorem

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

~ S I
v+ w|> = ||v]|* + [|w]|* e e
|  ieef

Proof. Let v, w € R” be orthogonal vectors. Expand the square ||V + w||*.

1V +W||>=(v+wW,Vv+Ww)
w\’__
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Orthogonality

Pythagorean Theorem

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

2 2 2
v+ wi= = 1Iv]l" + [Iw]l~,

Proof. Let v, w € R” be orthogonal vectors. Expand the square ||V + w||*.

v + w||* = (V+ W, V+ W) (atb) Cath)

Liveer = (v, V) + (V, W) + (W, V) + (w,w) | T et eher

ca+bhv C7
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Orthogonality

Pythagorean Theorem

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

2 2 2
v+ wi= = 1Iv]l" + [Iw]l~,

Proof. Let v, w € R” be orthogonal vectors. Expand the square ||V + w||*.
1V +W||>?=(v+wW,V+w) f-c\/
'I’V\eo«ul—7
= (V,V) +(V, W) + (W, V) + (W, W)
=(V,V) + 2(V, W) + (W, W) )S‘/”W’ﬁ
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Orthogonality

Pythagorean Theorem NV, w? = 0

]

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then
___——’\

2 2 2
v+ wi= = 1IvII”+ llw]|“.

Proof. Let v, w € R" be orthogonal vectors. Expand the square ||V + w]||°.

IV+W||*=(V+W, v+ W
=(V,V) + (V,W) + (W, V) + (W, W)
=(V,V) + 2{(V,W) + (W, W)

——

[~ 2
VP +IWIE
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Orthogonality

Pythagorean Theorem

Theorem (Pythagorean Theorem). If vectors v, w € R" are orthogonal, then

2 2 2
v+ wi==1Iv]l" + [Iw]l~,

Proof. Let v, w € R” be orthogonal vectors. Expand the square ||V + w||*.

v+ w|?=W+Ww) (V+Ww)

— VvV V+vVw+w v+ WTW)

— VvV V+2viw4+w'w

2 2
= [v]2+[w]?
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Least Squares

Second missing item: Pythagorean Theorem

By Pythagorean Theorem, any other vector y € span(col(X)) gives a larger

error.
|15 =y < 15 - v |
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X)) be the
vector where y — y is orthogonal to any vector in span(col(X)) and let

~yy

¥ € span(col(X)) be any other vector. Then ||¥ — y[[* < iiV = y||*

e —————————
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X))
be the vector where ¥ — y is orthogonal to any vector in
span(col(X)) and let ¥ € span(col(X)) be any other vector. Then

Iy =yl < Iy = ylI*.

Proof. Because y € span(col(X)) and ¥ € span(col(X)) and

span(col(X)) is a subspace, ¥ — y € span(col(X)).
—_—— </\1 _ ;

-
o N
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X))
be the vector where ¥ — y is orthogonal to any vector in
span(col(X)) and let ¥ € span(col(X)) be any other vector. Then

Iy =yl < Iy = ylI*.

Proof. Because y € span(col(X)) and ¥ € span(col(X)) and
span(col(X)) is a subspace, ¥ — y € span(col(X)).

The vector y — y is orthogonal to any vector in span(col(X)), so

Va\

y —yis orthogonalto y — . S

CEE—
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X))
be the vector where ¥ — y is orthogonal to any vector in
span(col(X)) and lety € span(col(X)) be any other vector. Then

Iy =yl < Iy = ylI*.

Proof. Because y € span(col(X)) and ¥ € span(col(X)) and
span(col(X)) is a subspace, ¥ — y € span(col(X)).

The vector y — y is orthogonal to any vector in span(col(X)), so

A\ A\

y — Yy is orthogonalto y — . _—

2 2 2
By the Pythagorean Theorem:  llull + WV = vt vy .
Iy -yl + 1y -y =y -y+y-¥I° MEZDZ

et
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X))
be the vector where y — y is orthogonal to any vector in
span(col(X)) and lety € span(col(X)) be any other vector. Then

Iy —ylI* < Iy = ylI*.

Proof. Because y € span(col(X)) and ¥ € span(col(X)) and
span(col(X)) is a subspace, ¥ — y € span(col(X)).

The vector y — y is orthogonal to any vector in span(col(X)), so

Yy — yis orthogonalto y —y.

By the Pythagorean Theorem:

1y =ylIF+ 1y =912 =1y -y +§-§II°= Iy — ylII’

| —— D

y_Ay —Ny_/\y —~y_y

NhAlr +A

o N
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X)) be
the vector where y — y is orthogonal to any vector in span(col(X)) and
let§ € span(col(X)) be any other vector. Then ||§ — y||* < ||F — yII%

Proof. Because y € span(col(X)) and ¥ € span(col(X)) and
span(col(X)) is a subspace, ¥ — y € span(col(X)).

The vector ¥ — y is orthogonal to any vector in span(col(X)),soy — y is

orthogonaltoy — .

By the Pythagorean Theorem:
& 2 < o2 & ENTY) = 2
[y =yll*+ Iy =¥ll"=Ily-y+¥ -yl = 1y -l
N ‘7.
But because norms are always nonnegative, / “\' -7 ” 4

Iy —ylI* < lly = ylI*

| — D y_/\y —~y_/\y —~y_y [ ) y (o] /\y (-] ~y

NhAalr +A

~ AN N ~ e

Iy-vh = Hy-yl

——— —
2o
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Least Squares

Second missing item: Pythagorean Theorem

Theorem (Projection minimizes distance). Let y € span(col(X)) be the
vector where y — y is orthogonal to any vector in span(col(X)) and let
¥ € span(col(X)) be any other vector. Then ||¥ — y||* < ||V — yI|*
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Least Squares

Summary

Use the principle of least squares to find the w &€ R4 that minimizes

s 2 2
1y = ylI* = [[Xw —y]|~.
Using geometric intuition: Yy is the vector for which y — y is 4

perpendicular to span(col(X)).

By Pythagorean Theorem, any other vector § € span(col(X)) gives a A e
larger error: ° : o

Iy —ylI> < Iy =y~

—— ] — D y_/\y —~y_/\y —~y_y [ ) y (o] /\y (-] ~y

Because Y — Y is perpendicular, we obtain the normal equations: AlAL 4+~
XTXw = XTy.

f n > d and rank(X) = d, then X' X is invertible, and
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Summary

Goal: Find the w € |

Least Squares

4 that minimizes

IXw — y]|*

Theorem (OLS). If n > d and rank(X) = d,

then:

w = (X

X)Xy,
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Least Squares ' —— |

Summary a1\ =
-

Goal: Find the w € R¥ that minimizes

o IXw — y|I? : AN

——

Theorem (OLS). If n > d and rank(X) = d,
then:

w=X"X)"X'y.

——

To get predictions y € R": T\ T
- =
D= XW = XXXy, - [ '
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Summary

Least Squares

Goal: Find the w € R that minimizes

IXw —y]|*

Theorem (OLS). If n > d and rank(X) = d, then:

To get predictions y € [

)

) w=X"X)"'XTy. S

<

n.

v = Xw=XX"X)"XTy.
\J
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Least Squares

Summary

Tvonwny Oty

To get predictions y € |



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Orthogonality

Projections



Projection

Idea: A vector’s “shadow” on another set

For an arbitrary set § C R", the projection of a vectory € R" onto the set § is

the closest vector y in Sto y.

Denote this vector [1¢(y) :=1y.
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Projection

Projection of a vector onto an arbitrary set

For an arbitrary set § C |

" the projection of a vectory € |

the closest vector y in Sto y.

Denote this vector 11(y) :

y.

"onto the set S is
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Projection e it <

Projection of a vector onto an arbitrary set

For an arbitrary set § C R", the projection of a vectory € R" onto the set S is
the closest vector y in Sto y. oY

Denote this vector [1(y) :=y. Q
“Closest” in a Euclidean (“least squares”) distance sense:
{
- A A 2
[I5(y) = arg mm| [y —yll = Iy —yll*.
_"z/—ﬁesﬂ_ﬁﬁ_\

Towr o0 AN e ve e wiv
Tra  twfut et 77

MAVIWA

v 14
a_ﬁ,:
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Projection [ ,‘)

Projection of a vector onto a subspace (-

Let & C R" be a subspace, with the basis X;, ...,X, € R". Let X € [ nXd pye

. : A : :
the matrix with Xy, ..., X ;as its columns. Any pointy € X is a linear

combination:

/—

The projection of y onto X is:

[1,(y) = arg min ||§ — y]|*
yel
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Projection

Projection of a vector onto a subspace

Let X C |

" be a subspace, with the basis X, ..
the matrix with X, ..

combination:

A\

X E |

y — W1X1 + ... +WdXd

= XW

This is equivalent to finding:

A\

weR?

W = are_min || XW — y||°

" Let X €[

., X as its columns. Any pointy € & is a linear

nXxd be
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Least Squares as Projection

Projection Matrix

W = arg min || XWw — y||?
weR?

This Is just least squares! By what we’ve
learned...

w=X"X)" X"y
Mo (y) = ¥y =XX'X)"' X'y
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Least Squares as Projection

Projection Matrix

A\

W = arg min || XWw —y||?

weR? :

This Is just least squares! By what we’ve
learned...

w=X"X)"X"y -
¢

() = § =[XXX) Xy o
I 2

—
Let Py :=’!X(XTX)‘1XT e R"™"be the

projection matrix for span(col(X)).
e —
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Linearity

Review from linear algebra

Linearity is the central property in linear algebra. Cooking is linear.

Bacon, eqgg, cheese (on rolll  Bacon, egg, cheese (on bagel) Lox sandwich
1 egg 1 egg 0 egg
1 slice of cheese 1 slice of cheese 0 slice of cheese
1 slice bacon 1 slice bacon 0 slice bacon
1 Kaiser roll 0 Kaiser roll 0 Kaiser roll
0 cream cheese 0 cream cheese 1 cream cheese
0 slices of lox 0 slices of lox 2 slices of lox

0 bagel 1 bagel 1 bagel
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Linearity

Review from linear algebra

Linearity is the central property in linear algebra. A function (“transformation”)
T : RY - R"is linear if T satisfies these two properties for any two vectors

a,b € R%

T(a+b)=T(@)+ T(b)

T(ca) = cT(a) for any c € R.
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Linearity

Review from linear algebra

3

Example. Consider the function 1 : [R° — IR, defined by:

I(x) = 2x; + 3x;.



Linearity

Review from linear algebra

Matrices also play by these rules. Let X € | Xd he a matrix and let W,V € |
be vectors.

X(W+vV)=XW+ XV

X(cw) = c(Xw) for any ¢ € R.



Linearity

Review from linear algebra

Any linear transformation 7" : R — R" has a corresponding matrix A el nxd
such that:

T(x) = A;x.
Any matrix A € | Xd nas a corresponding linear transformation 1, : | d 5 R"

such that:

T\ (x) = AX.
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Linearity

Review from linear algebra

I(x) = Ayxand T, (X) = AX

This means that



Least Squares as Projection

Projection Matrix

Let X C | 4 pe a subspace with basis Xy, ..., X, € R". Ifx;, ..., X ; are linearly

independent, making up the matrix X € R4

Py = XX'X)"IXT € R™"

is the projection matrix onto X . To project a vectory € |

[(y) = § = Pxy = X(X"X)"'Xy.

"onto ', compute:
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Least Squares
Orthonormal Bases and Projection



Norms and Inner Products

Unit Vectors

A vector v € R%is a unit vector if ||v|| = 1.

We can convert any vector into a unit vector by dividing itself by its norm:
\%

(M

D
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Orthonormal Basis

“Good” Bases

How should we represent a subspace?

Take, for example, the subspace & = {v € |
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Orthonormal Basis

“Good” Bases

S§={veR :v,=0)

| 0 |
Attempt 1: Use the span of a set of vectors: Span ( [O] ] [1] ] [1] ) :
0 0 0
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Orthonormal Basis

“Good” Bases

S ={vel

-

Attempt 2: Use the span of a set of linearly independent vectors (a basis):

()

I N
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Orthonormal Basis

“Good” Bases

S ={veR: v, =0)

2 0 2
Attempt 1: Use the span of a set of vectors: Span ( [1] : [1] : [3] ) :
0 0 0

Attempt 2: Use the span of a set of linearly independent vectors (a basis):

(1))

Attempt 3: Use the span of an orthonormal set of vectors (an orthonormal basis):
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Orthonormal Basis

“Good” Bases

CS)={V€L 3:\/3:0}

(L) =G =

0 . %
@"”c\ v) ¢ o
Jord” (Y g L 7
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Orthonormal Basis

Definition

A set of vectors] u,...,u !E & is an orthonormal basis for the subspace & if
they are a basis for o and, additionally: T

.
<lll-, uj> = 0 fori # . for avv Pm‘f‘..
‘ |lu,|| = 1fori € [n]. \ Ui+ e
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Orthonormal Basis

Orthogonal Matrices

g= |l ] e

Wy - vy
S
A square matrix U € | IS an orthogonal matrix if its columns

u;,...,u, € R” are orthogonal unit vectors:

axd

(u;,u;) = 0fori # .
|u|| =1 fori € [d].

| These form an orthonormal basis for span(col(U)).
g"‘"?ﬁonce

Its rows are also orthogonal.

\
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Orthonormal Basis

Orthogonal Matrices

A matrix U € R s an semi-orthogonal matrix if its columns
u;,...,u, € R" are orthogonal unit vectors:

(u;,u;) = 0fori # .
|lu|| =1 fori € [d].

These form an orthonormal basis for span(col(U)).



Orthonormal Basis [; 7;’—;] ['Q] :
0 O

Properties of Orthogonal Matrices | J (@2

Let a square matrix U & L dxd he gn orthogonal matrix. Then: f:
@ ﬂMn inverse: iUTU UU' =1. !

Uis Iength preserving: [|Uv|| = HV . <
B ] [
u, ¥
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Orthonormal Basis

Properties of Orthogonal Matrices
n{ o' > w\mv\ws oOVNe on Wa} Vmg,?

for (eelCV)
Let matrix U E( R<d 96 an semi-orthogonal matrix. Then: B CeelCU).
N gy

Uis it‘s;eﬁg left inverse:l U'U=1 s UV Til T
J .

U is length-preserving: ||Uv|| = [|v]|.
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

As just a “language” for representlng vectors in a subspace. For

ole, consider the subspace & = {v € R” T V3 = Uj and the vector
1
y=]1
0 ”
- / = S
Basis 1 { H H } —
01 LO
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

A basis is just a “language” for representing vectors in a subspace. For
example, consider the subspacels = {v € R’ : v; = 0}|and the vector

0
— S
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

Every subspace & C R”" has many choices of bases.

Some are better than others.
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

Let X C |

" be a subspace, with

dim(X) = d.

s: X, ..., X, € R", with matrix | N

( )
Y¢ ... ¢
- [(‘ (J ‘:X

Another basis: uy, ..., u,;, € R", with
matrix U € R
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

Let X C R" be a subspace, with
dim(X) = d.

One basis: X, ..., X,; € R", with matrix
X €| nXd

Another basis: uy, ..., u,; € R", with matrix
U e R™d

Then, e —w — o

2 = span(col(U)) = span(col(X)).



https://samuel-deng.github.io/math4ml_su24/assets/figs/basis.html
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

Let £ C R" be a subspace, with
dim(X) = d.

2 = span(col(U)) = span(col(X)). . é

Therefore, for any §7 e I, we can write:

|
y XXV — Uwonb'
AT A od
Bothw,w__, € | 4 are valid ways to

“represent” y.

V)
W Wa,

e | e ) e ] —— D y_/\y —~y_/\y -~
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

: A d -
How do we findw,_, € R%in .

y = Uw,_,? Least squares! _Y = X«

— ]

A\

' A 2
W,y = alg 1 Hy IR Uwoan
w_ ERY

The columns of U give an ONB for X ...
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Orthogonal Bases in Least Squares

What if we had an orthogonal basis?

How do we find W, , € R%in

y = Uw_ . ? Least squares!

A\

o A 2
Wonp = alg 1N Hy o Uwoan \
WonbERd 05 i

The columns of U give an ONB for X ...
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Orthonormal Basis

Why do we like an orthogonal basis?

Le@e a subspace. Let I[1o(y) = arg min ||§ — y||* be the projection of y onto X
yeld

For an arbitrary matri @ R™4 \ith span(col(X)) = X,
w=X"X)"X'yandy = XX'X)"XTy. | 25

For a semi-orthogonal matrix U € R4 with span(col(U)) = &,

| Vo= Ulyeray 00 ]

Much simpler — no inverse operations!
-
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Orthonormal Basis

Why do we like an orthogonal basis?

Theorem (Projection with orthogonal matrices). Let Z C R” be a subspace
and letuy, ...,u; € R" be an orthonormal basis for &', with semi-orthogonal
matrix U € R™. For any y € R”, the projection of y onto 2, i.e.

[1,(y) = arg min ||§ — y||*
yed

IS given by

[My(y) =UU'y.
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Lesson Overview

Regression. Fill in gaps from last time: invertibility and Pythagorean theorem.

Subspaces. Subsets of & C R" where we “stay inside” when performing linear
combinations of vectors.

Bases. A “language” to describe all vectors in a subspace.
Orthogonality. Orthonormal bases are “good” bases to work with.

Projection. Formal definition of projection and the relationship between projection and
least squares.

Least squares with orthonormal bases. If we have an orthonormal basis for
span(col(X)), least squares becomes much simpler.



Lesson Overview

e | e ) )] —— 0

y_/\y —~y_/\y —~y_y

y
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Lesson Overview
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