Math for Machine Learning

By: Samuel Deng
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Orthogonal complement and properties of projection. We go over several useful
properties of the projection operation.

Derivation of the singular value decomposition (SVD). We derive the SVD from the
“pbest-fitting subspace” problem using all the properties of projection.

SVD Definition. We go over the definition of SVD and the geometric intuition as the
factorization of a data matrix.

Application of SVD: rank-k approximation. We state and give an example of rank-k
approximation, a common data compression technique using SVD.

of the pseudoinverse, a generalization of inverses to rectangular matrices.

e ——————————
/—‘

’[ Pseudoinverse. We unify our OLS solution from the perspective of SVD and the notion
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Least Squares
A Quick Review



Regression

Setup
N
Observed: Matrix of training samples X € R™? and vector of training labels y € R%
T T — XlT —
X = X1 ... Xyl = :
! ! - x5
Unknown: Weight vectorlw = Raiwith weights wy, ..., w,.

T

Goal: Foreach i € [n], we predict: y. = W' X, = wix;; + ... + wx,, € R.

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

lXWzy%y.
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Regression
Setup

Goal: For each i € [n], we predict: y; = w!

Choose a weight vector that “fits the training data”: w € [
fori1 € [n], or:

XW=yRrY.

To find W, we follow the principle of least squares.

W = arg min || Xw —y||°
weR?
.

Xi — Wlxil + ... +deid€ L .

d

such that y; & y,
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Regression
Setup

To find W, we follow the principle of least

squares.
W = arg min || Xw —y]||?
weR? ,

This gives the predictions ¥ € R” that are
close In a least squares sense: B P

y = XW such that ||§ — y||I* < || — ylI*

d)_

| —— D —u‘l _U2 y_/\y —~y_/\y —~y_y

(for y = Xw from any other w € |

N

N

-t
)]

0.5

-0.5
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Least Squares
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R™¢ and y e R" Letw € R4 be the least squares
minimizer:

A

W = arg min || Xw — y||?
weR¢

If n > d and rank(X) = d, then:

U

To get predictions y € R

[ ¥ = XW = E(XTX)—IXTy.
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Least Squares [

OLS with Orthogonal Basis -
W < Pom (Col( %)

Theorem (OLS with orthogonal basis). Let & C R" be a subspace and let u,, ...,u,; € R" be an orthonormal
basis for X, with semi-orthogonal matrix U & R4 | et y € R" and let w € R be the least sguares minimizer:

————————————————————————
W = arg min || Xw — y||°,
weR¢
which is solved by:
. ¢
w="Uy.

Additionally, the projection § € R" is given by I1.-(y) = arg min ||y — y||*:
yed

y = [1o(y) = UUTY-
r__—
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Least Squares
OLS with Orthogonal Basis

J\cl oA
W, -+ Vd
w . =U'y
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How to find a good orthogonal basis?
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Properties of Projections
Projection Matrices and

Orthogonal Complement



Projection )

Projection of a vector onto a subspace /(\ /
x

For a subspace X C R", the projection of a vector y € R" onto the set X is
the closest vector y in 2 toy, in a Euclidean distance sense:

y =arg min [|§ -yl = Iy -yl
yeld
Let 2 = span(col(X)). Any pointy € X is a linear combination y = Xw, with:
W = arg min || XWw — y||°
weR?
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Least Squares as Projection

Projection Matrix

A\

W = arg min || XWw — y||?
weR?

This Is just least squares! By what we’ve

learned...

10

[y = XX'X) =Xy

ﬂ'd JTV‘ “(d va;

The projection matrix is:

o PyE= XX'X)"IXT e p™>n

e —————
Vx 7 \ ?fxy = ch(7)]
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Least Squares as Projection

Projection Matrix

Any matrix X € R has a subspace

2 = span(col(X)).

If the columns Xy, ..., X, are linearly
Independent, then:

Hfﬁ"ﬂ= Py = X(X'X)" X'y,

where Po- € R”
.-

*" is a projection matrix. s

I

N,

N I~

Click to
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Orthogonal Complement

Intuition A= fere”

y

Any subspace A C R" has an orthogonal complement A(D. All vectors in A are
orthogonal to all the vectors in A—, and vice versa. =

Any vector y € R" can be constructed by adding a vector from A to a vector
from A~
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Orthogonal Complement

Definition

Let A C R" be a subspace. The orthogonal complement of A, written A+ is
the set of vectors

At :={veR":(v,u)=0forallu € A}.

;
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Orthogonal Complement

Dimension \

Ae BT
For any subspac;@ﬂh dim(A) = d, the orthogonal c:omplementAl

has dlm(A ) =

P
O
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Orthogonal Complement

Orthogonal Complement and Matrices

Leta,,...,a, € R" be a basis for the subspace A C R". Letb,...,b,_, bea

basis Tor the orthogonal complement, A~ T
Let A € R™ have columns a,....,a,LetB €l nX(n=d) nave columns

bl’ e oo bn—d Then:

A'B=0andB'A =0

T—
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Orthogonal Complement

Orthogonal Complement and Projections

Let A € R™“ have columns a,....,a;LetB el nX(n=d) nhave columns
b,...,b,_ abasis for the orthogonal complement of span(col(A)). Then:

A'B=0andB'A = 0.

We can break down any vector X € R" into two projections:

§ X = P,X + PgX. (

——_—\
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Orthogonal Complement

Orthogonal Complement and Projections

We can break down any vector X € R" into two projections:

T x=P.x+ Pgx. l
—
Additionally\l = Pj + P§. ‘
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Projection Matrices

Properties

Let A € R™4 pe a matrix and let B € R™ "9 have columns b,...b __,a
basis for the orthogonal complement of span(col(A)).

Prop (Orthogonal Decomposition). For any vector X € [R",

X = P)yX + PgX.



Projection Matrices

Properties

Let A € [

nXd ha a matrix and let B € |

nX(n=d) have columns b,....b,_,a

basis for the orthogonal complement of span(col(A)).

Prop (Orthogonal Decomposition). For any vector X € [R",

X = P)yX + PgX.

Prop (Projection and Orthogonal Complement Matrices). P, + P = L.
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Projection Matrices

Properties

Let A € [

nXd ha a matrix and let B € |

nX(n=d) have columns b,....b,_,a

basis for the orthogonal complement of span(col(A)).

Prop (Orthogonal Decomposition). For any vector X € [R",

X = P)yX + PgX.

Prop (Projection and Orthogonal Complement Matrices). P, + P = L.

Prop (Projecting twice doesn’t do anything). Py, = PP, = Pi.

- >
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Projection Matrices

Properties

Let A € R™ pe a matrix and let B € R™ "~ have columns by, ...,b __, a basis
for the orthogonal complement of span(col(A)).

Prop (Orthogonal Decomposition). For any vector X € R",

X = P,X + PgX.

Prop (Projection and Orthogonal Complement Matrices). P, + P = L

Prop (Projecting twice doesn’t do anything). Py, = PP, = Pi.

Prop (Projections are symmetric). P, = PX.

Pes X)) '™
PT= YCx™)'XT
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Projection Matrices

Properties

Let A € R"™ be a matrix and let B € R"™ "~ have columns by, ..., b, _, a basis for the orthogonal complement of

span(col(A)).

Prop (Orthogonal Decomposition). For any vector x € R”,

Prop (Projection and Orthogonal Complement Matrices). P, + Py = L. y @m
&
Prop (Projecting twice doesn’t do anything). P, = PP\ = Pi. . oo T2

Prop (Projections are symmetric). P, = PX.

Prop (1D projection formula). For the one-dimensional subspace associated to the vector a € R”, the projection matrix is:
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Singular Value Decomposition
1D Intuition and Derivation
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Singular Value Decomposition (SVD)

1D Picture
Observe data Xy, ..., X,; € R", with matrix of training samples X € | nxd.
1 1 “ x| -
X = X1 ... Xg| =
! ! S

Goal: Find the bestfone-dimensional subspac%% C R" that fits the points.
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Singular Value Decomposition (SVD) 7

1D Picture ,
p r
Observe data X, ..., X, € R", with matrix of training samples X € | nxd.
) ) — X; — y
. we @
X — Xl e o o Xd — . ) J
T X, ¢ ®

l’ l’ <« Xn —> "W'Txo = 70 ’

Goal: Find the best one-dimensional subspace % C R" that fits the points.

n.

A one-dimensional subspace is determined by a single vector u € |
U ={cu:ceR}.
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Singular Value Decomposition (SVD)

1D Picture
phurans >
Observe data X, ..., X, € R".

Goal: Find the best one-dimensional
subspace % C R” that fits the points.

I§>o

o X S0

Xe ¥
}; I
[.' 77T Taa Tse
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Singular Value Decomposition (SVD)
1D Picture

Observe data X, ..., X, € |

Goal: Find the best one-dimensional
subspace % C R that fits the points.

How? Find u € R” that minimizes the
sum of squared projection distances:

d
arg min 2 |X; — Hu(xi)\lz.

A
S
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Comparison with OLS

1D Pictures
OLS: Observe data X, ..., X, € | a BFS: Observe data Xy, ..., X, € R".
Goal: Find best linear combination Goal: Find one-dimensional subspace
w € RY of X1, ..., X 7 such that determined by u € R" such that
d
W = arg min || XW — y]||? - _ 2
\%EIR"’ | yl arg min Z Ix; = (x|

ucR” i=1



Comparison with OLS

1D Pictures

d
W = arg min || XW — y]|2 arg min ) [|x; — IT,(x))||?

weR¢? ueR®

‘ 4
Q
[ |
2 5 (‘
: Q - S
¢
[} . .
‘ ‘ "O'
L J ‘ ?
=N éz 0

4"
.
_2 "o _2
e

-6 -4 -2
L1,

"\
I
i
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Comparison with OLS

1D Pictures

OLS: Observe data X, ..., X, € | d

Goal: Find best linear combination
w € RY of X1, ..., X 7 such that

A\

W = arg min || XW —y||?
weR?

.
.
*s
s, a iy o oy -
*
.
.
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Comparison with OLS

1D Pictures

BFS: Observe data X, ..., X, € R".

Goal: Find one-dimensional subspace

determined by u € |

" such that

d
arg min Z |X; — Hu(xi)\l2
uecR” i=1
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Find u € R" that minimizes the sum of squared projection distances:

d
arg min Z 1. — I, (x)]|*.

ucR” i=1



Singular Value Decomposition (SVD)
Deriving 1D SVD

Find u € R" that minimizes the sum of squared projection distances:

/’_\
arg min Z |x; —T1 <x>u2 Z Ix; — Pyxi|I.

ucR”
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Find u € R" that minimizes the sum of squared projection distances:

arg min Z Ix; — ()1 = Z Ix; = PuxilI*

ucR”

2
uXil ?



Singular Value Decomposition (SVD)

Deriving 1D SVD .
Xp el unl  om [q[’“-]

nuu
l
—> NAxn

N o XN

Consider any i € [d]. Then,

uu'
u'u

|x; — P,X. (Prop: 1D projection formula)
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Consider any i € [d]. Then,

uu —
2 — . " n
|X; — P.X||“ = || X, — ( ) X (Prop: 1D projection formula)

(Prop: Projection and Orthogonal Complement Matrices)

|
N\
o
=_|§
='|
N
e
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Consider any i € [d]. Then,

2

.
uu
|x. — P.x || = || X, — ( ) X; (Prop: 1D projection formula)

(Prop: Projection and Orthogonal Complement Matrices)

I AxICs (AOTAX = TATAx

|
N\
—
*:_'E
= |
N
e
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Singular Value Decomposition (SVD)

Deriving 1D SVD

Consider any i € [d]. Then,

Ix; — Puxill* =

<I
(I
. (

()

u'u
S

)
%)
?)

(35

X;

?.: X CXT%)-' T

P C X (% x"vO‘" XT D"

( X (X“'m")
(Prc)p 1D prolectlonj;_ormula)
= X (xS
t’_J fr
= X ([ (x™x)T) =

(Prop: Projection and Orthogonal Complement Matrices)

I- \_II_V‘_'T = )P".r.

nTu

(Prop: Projections are symmetric)
‘

CAE D) = BTA

(ADT=CAT)”

v-r

= L (xx) T
Ux
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Singular Value Decomposition (SVD)
Deriving 1D SVD

ﬂ h
N €& ? s U qeow\f “ ove dinw. i W@g(e
Consider any i € [d]. Then, ® P“.L €y cAS nb> o N~ Jrw
uu' 2 Suk geece
|X; — Puxl-||2 = || X; — (7) X, (Prop: 1D projection formula)
u'u

(Prop: Projection and Orthogonal Complement Matrices)

I—uTl:)Xi P2: P

(Prop: Projections are symmetric)

T .
— I )("- Tk x' (Prop: Projecting twice doesn't do anything)
J



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Singular Value Decomposition (SVD)
Deriving 1D SVD

Therefore, for any i € [d],

T
uu
wrar ()
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Therefore, forany i € [d],

.
uu

|X; — PuXiH2 = XlT (I ) X
u'u

Find u € R" that minimizes the sum of squared projection distances:

d d
arg min Z Ix; — I1,(x)||* = Z |x; — PuXiHZGD
1 i=1

UERH j—
. uu '
— E : | | X.
T l
. u'u
=1
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Therefore, forany i € [d],

.
uu

|X; — Puxl-H2 = XlT (I ) X
u'u

Find u € R" that minimizes the sum of squared projection distances:

ucR”

d d
: 2 2
arg min ) [1x; = G117 = ) lIx; = Py
1 =1

=
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Therefore, for any i € [d],

uu
9) T
HX,- — Pqu-H = X, (I

Find u € R" that minimizes the sum of squared projection distances:

u = arg min lel ll
ucR”
arg max X X; d
%eIR Z ( u'u ) T

=1

P 5 (T Z%P“X"

—
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Singular Value Decomposition (SVD)
Deriving 1D SVD

Therefore, for any i € [d],

.
uu

|X; — PuXin = XiT (I ) X..
u'u

Find u € R" that minimizes the sum of squared projection distances:

c T T ““T
u = arg min ZXX—X X,

ucR”

TxxT
arg max :(Am squared [operator norm of X, i.e. HXH

ucR”
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Singular Value Decomposition (SVD)
1D Picture

Observe data Xy, ..., X, € |

Goal: Find the best one-dimensional
subspace % C R” that fits the points.

How? Find u € R" that minimizes the
sum of squared projection distances:

d
arg min Z |x. — IT (x)||*

ucR” i—1
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Singular Value Decomposition (SVD)
1D Picture

Observe data Xy, ..., X, € |

Goal: Find the best one-dimensional
subspace % C R” that fits the points.

How? Find u € R" that minimizes the + - 2
sum of squared projection distances:

u' xx'u
arg max ——.
u'u
ucR”
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Singular Value Decomposition (SVD)
1D Picture

Find u € R” that minimizes the sum of
sguared projection distances:

u' XX'u
arg max| ———.

-
ucR” uu

The vector u € R" that achieves this
maximum Is the 7st left sinqular vector.

u'XX'u
The value ———— Is o7, the squared 1st
u'u —

singular value of X.
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Singular Value Decomposition
Definition of Full SVD and Compact SVD



Singular Value Decomposition (SVD)
Building up the SVD

Observe data X, ..., X, € | " Consider the following procedure...

Fort=1,2,....,n...

. Let Xgl) = x; — I, (x;):
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Singular Value Decomposition (SVD)
Building up the SVD

Observe data Xy, ..., X; € R". Consider the following procedure...

Fort=1,2,...,n...

(D) — v _ Repl¢ =
- Ce)
2. Findu, € | " the best one-dimensional subspace fit to X(l), - Xg,l). "
\

. Let fgz) = x ) —TI, (x;) = Xi = [T, (x;) — IT, (x,).
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Singular Value Decomposition (SVD)
Building up the SVD

Observe data X, ..., X; € R". Consider the following procedure...

Fort=1,2,...,n...

1) _
o Let Xg ) =X, — I1, (x)).
2. Findu, € R”, the best one-dimensional subspace fit to X(ll), e XEZ,I).
- Let ng) = Xf-” = I, (x) = x; = 1, (%) — 1, (x)).

3. Findu,; € R”, the best one-dimensional subspace fit to X(12), cees Xglz)...
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Singular Value Decomposmon (SVD)
Building up the SVD i X=il

g

Observe data Xy, ..., X, € |
Then, u; and u, look like...
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Singular Value Decomposition (SVD)
Building up the SVD

Find u, € R", the best one-dimensional subspace fit to:

—1
k=1

These are the n left sinqular vectors of X € R4,

The n left singular vectors are orthogonal, by construction (left singular vector
u, is in the orthogonal complement of uy, ..., u,_).
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Singular Value Decomposition (SVD)

Definition of the Full SVD u Tt £ Tu

b, .. -

l
Consider any:)matrlx X € R4, By the full singular vaﬁecompos:tlon (SVD), there exist

matrices V such that -
) . <
1] X U £ VT, —— "Fackved
\j = Ny --- Un — P ——
l | nXxd nXn nXd dxd Cocruse Ui, U,

onfe M,
The columns of U € R"™" are the left singular vectors and U is orthogonal, i.e. U'U = UU' = |

o
P

The columns of V € R% are the right sinqular vectors and V IS orthogonal i.e.

T T ’
VIV=VVT =1 V= [«: J,f]

()
*

Y € R™js aaiagonal matrix with singular values 6, > 0, > ... > ¢, > () on the diagonal. The

rank is equal to the number of g; > 0. —
_— <, anlk ()(B = ¢ Swicmlor velve \
o O e
< |
_
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Singular Value Decomposition (SVD)
Shape of the X Matrix

¥ € R™ s a diagonal matrix with singular values 0, 2>0y,2> ... 20,20, withr <min{n,d}.

N o ... o]
> = 0 O E orx=1{ 0 0 @ or 2 = 5
0 0 > 0 C 0 0
0O O 0
n;d : :
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Let Xy, ...,

Interpretlng the SVD

Example In |

X,, € R*. The SVD is given by:

X =U 2 'V

N — —— -/ N—

2X212 2X2 2x212 212%X212
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Left Singular Vectors

Interpreting the U matrix

X =U/'x V!

N— — L -/ N ——

2X212 2X2 1 2%x212 212%212

The columns u,u, € | > of U are an
orthonormal basis for span(col(X)).
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R IR RO
Singular Values :-) Yz - [Wh\[0hio o

_ . 2422 o ' O
Interpreting the X matrix AT ] [",' o OO 1
- w=VYy
\,—/7 —— e e/ = _Q.I') —”
2x212  2x2 Px212| 212x212

e

The singular values o, 6, > 0 represent

how to scale u, and u, to “fit” all the |
data. .t

They represent the relative “strength” of :
u; and u, in explaining the data. i
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Right Singular Vectors

Interpreting the V matrix

S—— N—— S—

X =U |X | V'

2%212 2X2 x212| 212%212

G —

The rows of V give the coordinates for
each point under the basis oyu,, o,U,.

Specifically, for j € [d],

\ X] VleIU1 + V2j02u2.

—
<=

dees,. i

WModler,
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Interpretation of the SVD

Full Interpretation of the SVD




Singular Value Decomposition (SVD)

Example of SVD
xS =3
J (o i .
g e 1o o] =7
dk 7 X=10 5 0
0 0 10
X= LEVT My vy
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Singular Value Decomposmon (SVD)
Example in | Y = [,L, scz(.:) denis



https://samuel-deng.github.io/math4ml_su24/assets/figs/3d_svd.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/3d_svd_u1u2.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/3d_svd_u1.html
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Singular Value Decomposition (SVD)
Definition of the Compact SVD AP linokey, svd C all = False)

Consider any matrix X € R with rank r < min{n, d}. By the compact singular value
decomposition (SVD), there exist matrices U, 2, V such that

nxd nxr r><r rxd

The columns of U € R™ are the left sinqular vectors and U'U = 1. They form an
orthonormal basis for span(col(X)), the columnspace of X.

The columns of V € R"™ are the right sinqular vectors and V'V = L. They form an
orthonormal basis for span(row(X)), the rowspace of X.

¥ € R"™ is a diagonal matrix with singular values ¢, > 0, > ... > 0. > 0 on the diagonal.
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Besp)
How to find a M orthogonal basis? gim >

(m

Y] e ) e (] D y_/\y —~y_/\y I ~


https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
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Least Squares
OLS with Orthogonal Basis

W — (XTX)— ley cNY

-

¥ =Ty(y) = XX'X)" X'y



https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
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Least Squares
OLS with Orthogonal Basis

Prop (OLS using the ONB from Compact SVD).
Let X € R™? and let I = span(col(X)) be a
subspace, with dimension dim(Z) = rank(X) = r.

Then, if the compact SVD ole = UZVT] then the
columns uy, ...,u, € R" of Uare an ONB for X

and, henCg, tor any y € R", the projection of y onto
A is given by:

Y] e—— ) )] — D

y_/\y —~y_/\y —~y_y


https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
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Singular Value Decomposition
Application: Low-rank Approximation



Rank-k Approximation

Idea

In many applications, it is useful to approximate a matrix. The@ a matrix
represents how many linearly independent columns (or rows) make up a matrix
(.,e. how much “novel information” the matrix contains).

We might approximate a matrix X with » = rank(X) by asking:

What'’s the closest rank-k matrix (with k << r) to X?
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Rank-k Approximation

Idea

In many applications, it is useful to approximate a matrix. The rank of a matrix represents
how many linearly independent columns (or rows) make up a matrix (i.e. how much “novel
information” the matrix contains).

We might approximate a matrix X with » = rank(X) by asking:

What’s the closest rank-k matrix (with k << r) to X?

One notion of “close” for matrices is the Frobenius norm:
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Rank-k Approximation

Statement
g vt —Tong, |
Theorem (Rank-k Approximation). Let X € R4 | et }A(k e R’ pe the rank-k
approximation of X in Frobenius norm: * < Nxw
R Ab/‘ (‘/bg St w© \IuE ¥
X, = arg min [|X —X,||z o )/ /)
r —— X RnXd ¢ )
= ~ V = W i,
such that rank(X) = k. ' |
-_— Ny
Then, i{ X =UxV' 'is the compact SVD of X with U, &€ R™k ¥ € Rk and V € R gre

truncated matrices of U, 2, and V, respectively, then -

A : S- | 4
d [X=XilIP= ) o
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Rank-k Approximation @ .

Outer Product Interpretation

The (compact) SVD of a matrix can also be written as a sum of rank-1 matrices.

X = 01u1V1T+02u2Vg+ .. +ouyv!

r—r r-

nXxd

In this way, the rank-k approximation )A(k can be written as truncating this sum:

X — T T
X, =owv, +... + oWy, .
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16060
122

(o

)1

Rank-k Approximation

Example

Consider the 4 X 4 matrix
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Rank-k Approximation

Application in Image Processing

500
78 78 ... 124 122 129]
81 79 ... 124 121 126]
U0 80 78 ... 120 123 127]
42 40 ... 116 99 118]
1500 41 40 ... 111 114 119]
39 40 ... 120 122 96]]
: (3024, 4032)
2000
2500
3000

0 500 1000 1500 2000 2500 3000 3500 4000
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Rank-k Approximation

Application in Image Processing

500

1000

500

1000

1500

2000

2500

3000

3500

4000

400k

350k

300k

250k

>
S 200k

150k


https://samuel-deng.github.io/math4ml_su24/assets/figs/rank_k_values.html

Rank-k Approximation
Application in Image Processing (k = 500)

400k
350k
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200k
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0 500 1000 1500 2000 2500 3000 3500 4000
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Rank-k Approximation
Application in Image Processing (k = 100)

400Kk L
350k

500
300k

250k

200k

150k

100k

50k

0 500 1000 1500 2000 2500 3000 3500 4000 0 20 40 60 80 100

ith singular value
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Rank-k Approximation

Application in Image Processing (k = 20)

400k

200k

0 500 1000 1500 2000 2500 3000 3500 4000

209® X185 0


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


east Squares
SVD and the Pseudoinverse



: Y A
Regression Xw = Z ygﬁmm

ded d
Setup -t
w= XY
Observed: Matrix of training samples X € R and vector of training labels y € R?.
T T — XlT —
X = X1 ... Xyl = :
! ! - x5
Unknown: Weight vector w € R with weights w, ..., w,,

T

Goal: Foreach i € [n], we predict: y. = W' X, = wix;; + ... + wx,, € R.

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

Xw=y~xrYy.


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Regression
Setup

Goal: For each i € [n], we predict: y; = w!

Choose a weight vector that “fits the training data”: w € [
fori1 € [n], or:

XW=yRrY.

To find W, we follow the principle of least squares.

A\

W = arg min || Xw —y||°
weR?
—

Xi — Wlxil + ... +deid€ L .

d

such that y; & y,
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Least Squares

Main Theorem

Theorem (Ordinary Least Squares). Let X € R™¢ and y e R" Letw € R4 be the least squares
minimizer:

A

W = arg min || Xw — y||?
weR¢

If n > d and rank(X) = d, then:

w=X"X) "Xy
| N
To get predictions y € R

¥y =Xw=XX"X)"X'"y.
- D
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T

Least Squares: SVD Perspective| @ (#&>" = e74
Plugging in the SVD o @ (A)"=(A")"
/

By the full SVD, we can represent X = UXV '. How can we interpret the least
squares solution now that we know the SVD?

w=X"X)" X"y
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1. RTAT

Least Squares: SVD Perspective
Plugging in the SVD (ABCY = 7g™pT

S

By the full SVD, we can represent X = UXV '. How can we interpret the least
squares solution now that we know the SVD? . -
xT= (UuSV™ = VE U =VSUT

w=X"X)" X"y
= (VZU'UZVH) lvzU'y (X'=VIU)
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Least Squares: SVD Perspective
Plugging in the SVD

By the full SVD, we can represent X = UXV '. How can we interpret the least
squares solution now that we know the SVD?

w=X"X)" X"y
= (vZU'UZVH'lvzU'y (X'=VIU)

= (VX'XVH~lvzU'y U'u =1
| R 4
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Least Squares: SVD Perspective
Plugging in the SVD

By the full SVD, we can represent X = UXV '. How can we interpret the least
squares solution now that we know the SVD?

w=X"X)"X"y

= (VZU'UZVHI'vZU'y X' =VIU")
= (VE'ZVHZVIU'y U'u =1
2

ye =
=(V)™(VE'E)"'VE'U'y (AB)'=B'A™)
2 A
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Least Squares: SVD Perspective
Plugging in the SVD

By the full SVD, we can represent X = UXV '. How can we interpret the least
squares solution now that we know the SVD?

w=X"X)"X"y
= (VZU'UZVH lvxU'y X' =VIU")
= (VX'XVH~lvzU'y U'u =1
= (VHlevE'D)"lvE'U'Y ((AB)' =B A7
:(j(ZTZ)‘IVTVZTUTy (V'=VhH 7. gt .
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Least Squares: SVD Perspective
Plugging in the SVD

By the full SVD, we can represent X = UXV '. How can we interpret the least
squares solution now that we know the SVD?

w=X"X)" X"y

= (VZU'UZVH lvxU'y X' =VIU")
= (VX'ZVH-lvzU'y U'U =1
=(vHlvE'D)-'v'U'y  (AB)"'=B7 A7
— Ts\-Ily Ty TIT -1 _yT
=VE'E)"V'VE'U"y (V-I=vh

=V ') Ix'uy (V'V =1
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Least Squares: SVD Perspective 7

Plugging in the SVD B
(v - (v D
= \/ Z-I UT

By the full SVD, we can represent X = UXV ', How can we interpret the least
squares solution now that we know the SVD?

w=X"X)" X"y

= (VZU'UZVH lvxU'y X' =VIU")
= (VX'XVH~lvzU'y U'u =10
= (vVHlvE'D)"'vE'U'y /] (AB)"'=B A7
=VZ'2)"'vivz'Uy (V-I=vh
=V U'y (V'V =1

—_ (vs*udy
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. N b
Pseudoinverse S c<# l "5, ©

ldea . ° &4
STz ¢ @® WIERNS 170N X T/
Therefore, we derived: 7 d @5, Swmsnlor
dev ard 4 — Vow~S g o
w=YV U'y (whenn > d and rank(X) = d). D,
Taking a closer look at the matrix e R¥" we have:
—/ J;U‘
Z — Id)(d ZTZ 6@

—
(277 (2'2) = T

In this way, acts “like an inverse” to 2, though 2 may not be
sguare. h ] _L:

=
d xwn <o
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Pseudoinverse
Definition s o Sto 5Ty (s

J
Let X € R™4 be a matrix, and let X = UXV ' be its full SVD.

fn > d, the matrix|(Z'X)" !XT £ R®" s the (Moore-Penrose) pseudoinverse of the

matrix E denoted X7 = (X' X)X S +

If d > n, the matrix X :=i >TxhH-d i% the pseudoinverse.
SEmnTE |

X=[ZVT = X7 = (ysyD~

d T TSty
More generally, the matrix X € R"*%Aith full SVD X = UXV ' has the (Moore-

Penrose) pseudoinverse: X" := VX U"'. = VStYT

Note: If using the notation of the compact SVD, this is written differently.
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Pseudoinverse
Main Property

Prop (Pseudoinverse as left/right inverse). For any matrix A € [

nxd \vith full

SVD A = UXV' and rank(A) = min{n, d}, Bhe pseudo inverse
—_—— ">

-
|A* = VEUT f: VETD)IZTUUs v
= VCEFRI'ETZ VT

has the following properties:

e Ifn =d, then At is the inverse: AT = A~ and‘A

A = AA

= L

o Ifn > d, then AT isaleftinverse: ATA =1, .,

o Ifd > n, then AT is aright inverse: AA™ =1 . .
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Pseudoinverse
Shape of X+

What does =t = (Z'X)"'X7 look like?

¥ € R™4 s a diagonal matrix with singular values 6, > ¢, > ... > ¢, > 0, with r < min{n, d}.

o 0 0
5 0 0 0 o 0 5 0 0 0 0
0 o 0 00 0 o 0 0 0
=, 02 | orX=10 0 o |rE= 02 -
0 0 G, 00 0 0 0 s, 0 0
0 0 0
n=d S : d>n
- ~ R _————
n>d
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Pseudoinverse

Shape of X

What does T = (X)X 7 look like?

> e R™isa diagonal matrix with singular values ¢, > 6, >

/oy O 0

o+ _ 0 1/o, 0

o o :
n;d

or X =

1/01
0

0
0

0
1/0,

0
0

... 2 0.2 0,withr < min{n,d}.

1/0,
0

e OO O O

0
1/02
0

0
0
0

/o

o O O

d>n



Using the pseudoinverse

Let X € R™?andy € R". Let W € R be the
least squares minimizer:

A\

W = arg min || Xw — y||?
weR¢

Theorem (Ordinary Least Squares).

If n > d and rank(X) = d, then:
w=X"X)"X"y.
To get predictions y € R":
= Xw=XX"X"X'y.

e | D

Least Squares: SVD Perspective

y_/\y —~y_/\y —~y_y

Click to

o N

0.5

~-0.5


https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_1.html
https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_1.html
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Least Squares: SVD Perspective

Using the pseudoinverse oo romklx) = A

Let X € R™“ and y € R". Letw € [ 4 be the least squares minimizer:

A\

W = arg min || Xw —y]||?
weR¢

If n = d and rank(X) = d, then we are just solving the system Xw =y, and:

. U _—
= X"ly.

We solved this by the principle of least squares because, when n > d, we don’t have
an inverse. We are solving for an approximation: T
y

wie L
\ st%y — )Iva-‘f"z.: o

—
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Least Squares: SVD Perspective

Using the pseudoinverse

We solved this by the principle of least squares because, when n > d, we don’t
have an inverse. We are solving for an approximation:

XW R Y.
We don’t have an inverse — but now we have a pseudoinverse:

XtXw ~ X'y =>\@= Xty = VX*tU'y.

Lj‘;
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Least Squares: SVD Perspective

Main Theorem (with pseudoinverse)

Let X € R™?andy € R". Let W € R be the
least squares minimizer:

A\

W = arg min || Xw — y||?

weR?
Theorem (OLS with pseudoinverse).
If n > d and rank(X) = d, then:

w= X"y =VXtUly.

To get predictions y € R":

e x| e ) e— ] —— D

§ = Xw = XX*y.
d > n <)

y_/\y —~y_/\y —~y_y

® yv O


https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
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Least Squares with d > n

Review: Systems of Linear Equations

So far, we’ve considered the case where X € R4 n > d, and rank(X) = d

In general, our goal is to solve the system of linear equations: - T

QS Xw =y. l —> ,. — ™

We know that there are three scenarios, if X is full rank (i.e., rank(X) = min{n, d})..

VN —

If n = d, then number of equations = number of unknowns. One unique solution: W = y.

If n > d, then number of equations > number of unknowns. One unique solution: W = X+y.
e ——
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Systems of Linear Equations

Example: no solutions

In general, our goal is to solve the system of linear equations:
XW =Y.

Consider the system:



Systems of Linear Equations

Example: one unique solution, n = d

In general, our goal is to solve the system of linear equations:
XW =Y.

Consider the system:



Systems of Linear Equations

Example: one unique solution, n > d

In general, our goal is to solve the system of linear equations:

n

X7
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Systems of Linear Equations

Example: infinitely many solutions, d > n

In general, our goal is to solve the system of linear equations:

XW =Y.
Consider the system:
2 1 1] L _ [3]
2 T o[,y I3
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Least Squares with d > n

Review: Systems of Linear Equations

When the number of equations < number of unknowns...

n=2 R? n=73 R>
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Least Squares with d > n

Problem Statement

Let X € R™“ et d > n, and let rank(X) = n. We want to solve the system of
linear equations:

XW =Y.

Because rank(X) = n, infinitely many exact solutions exist. Which to choose?



https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
https://samuel-deng.github.io/math4ml_su24/story_ls/ls2_1.html

Least Squares with d > n

Using the Pseudoinverse \ v(:' _ X’“‘f )

There are now infinitely many w € R? such that XW = y. Which W to pick?
=

\

| e ) ] — D


https://samuel-deng.github.io/math4ml_su24/story_ls/ls2_1.html
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Pseudoinverse
Main Property

Prop (Pseudoinverse as left/right inverse). For any matrix A € [
SVD A = UXV' and rank(A) = min{n, d}, the pseudo inverse

AT =VIU' = vZ'Y)-Ix'U’

has the following properties:

e Ifn=d then AT istheinverse: AT = A land ATA = AA

o Ifn > d, then AT isaleftinverse: ATA =1, .,

o Ifd > n, then AT is aright inverse: AA™ =1 . .

nxd \vith full



Least Squares with d > n

Using the Pseudoinverse

Let X € R™4 have the fullSVD X = UV '.

Choose W = Xy = VX*U'y to use the pseudoinverse.



Least Squares with d > n

Using the Pseudoinverse

Let X € R™4 have the fullSVD X = UV '.

Choose W = Xy = VX*U'y to use the pseudoinverse.

d

IS a solution:

Then, w € [

Xw = XX+y — Iany =Y

where X € R%" is a right inverse by the previous property.



Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € | ”Xd, letd > n,
and let rank(X) = n. Then, w = X7y = VX7U 'y is the exact solution
XW =y with smallest Euclidean norm:

fm

\ [w]|5 > ||W]|5 for all w € R,
- —_—
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Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € | ”Xd, letd > n,

and let rank(X) = n. Then, w = X7y = VX7U 'y is the exact solution
XW =y with smallest Euclidean norm:

HWH% > HWH%fOr allw € [

d

Proof. Consider any arbitrary w &€ |



Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € | ”Xd, letd > n,

and let rank(X) = n. Then, w = X7y = VX7U 'y is the exact solution
XW =y with smallest Euclidean norm:

d

HWH% > HWH%fOr allw € [

Proof. Consider any arbitrary w &€ | 4 \We can write W’s Euclidean norm as:

[Wll* = [[(w = W) + W[|* = [|lw — W[|* = 2(w — W) "W + ||W]|°



Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € R, let d > n, and let rank(X) = n.
Then, w = X7y = VXU 'y is the exact solutionXW = y with smallest Euclidean norm:

”WH% > HVAVH%for allw € R
Proof. Consider any arbitrary w & R¢. We can write W’s Euclidean norm as:
Wl = [[(W = W) + W[|* = [[w = W[|> = 2(w — W) "W+ [|W]|".
Consider the term (W — W) ' W:

(W—-—w)Ww=w-w)'X"(XX")y

X iFd>n



Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € | ”Xd, let d > n, and let

rank(X) = n. Then, w = Xty = VX+U 'y is the exact solutionXWw = y with smallest
Euclidean norm:

HWH% > ”WH%]‘OF allw € R4

Proof. Consider any arbitrary w € | 4 \We can write W’s Euclidean norm as:
[wl* = [[(W = W) + W[|* = [[w = W[|* = 2(w — W) "W+ || W]|*.
Consider the term (W — W) ' W:

(w—-—w)'w=(w-w)'X" XXy =Xw-Xw)'(XX")y



Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € R, let d > n, and let rank(X) = n.
Then, w = X1y = VX*U 'y is the exact solution (i.e., XW = y) with smallest Euclidean norm:

”WH% > HVAVH%for allw € R
Proof. Consider any solution w & R? such that Xw = Y. We can write w’s Euclidean norm as:
[WII* = [|(W = W) + W[I* = [lw = W[|> = 2(w — W) "W+ [|W]]°.
Consider the term (w — W) ' W
W—w)W=w-w'X"XXH)y=Xw-XW)'XX"ly =0,

because W and W are both exact solutions.



Least Squares with d > n

Theorem: Minimum norm solution

Theorem (Minimum norm least squares solution). Let X € R |et d > n, and let rank(X) = n. Then,
w = Xty = VX*U'y is the exact solution (i.e., XW = y) with smallest Euclidean norm:

HWH% > HWH%]‘OF alw € R?

Proof. Consider any solution w € R? such that Xw = y. We can write w’s Euclidean norm as:

[WlI* = [[(W = W) + W[ = ||w = W[|* = 2(w — W) "W+ [|W]]°.
Consider the term (w — W) ' W
(w—-—w)w=w-w)'X" XX ly=Xw-Xw)'XX")ly =0,
because W and W are both exact solutions. Therefore,

2 ~ 112 ~ 112 2 ~ 112
W]l = [lw=w|I"+ W] = llwl||” = [Iw]]".



Unified Picture

Least Squares: SVD Perspective

We want to solve Xw =y.

If n = d and rank(X) = d...

We can solve exactly.
Choose
A X_l
W = Y,

which Is an exact solution.

If n > d and rank(X) = d... If n < d and rank(X) = n...

We approximate by least squares: We can solve exactly, but there
are infinitely many solutions.

A

W = arg min || Xw — y||°.

weR?
Choose Choose
w=X"X)"XTy = X1y, w=X'(XX")"y = X1y,
the best approximate solution: the minimum norm (exact)

solution:

IXW —y[|* < [ Xw —yl|*
~ 112 2
W]~ < lw]|~.



Least Squares: SVD Perspective

Unified Picture

We want to solve Xw =y.

If n > d and rank(X) = d... If n < d and rank(X) = n...

We approximate by least squares: We can solve exactly, but there
are infinitely many solutions.

A

W = arg min || Xw — y||°.
weR¢


https://samuel-deng.github.io/math4ml_su24/story_ls/ls2_1.html
https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html




Lesson Overview

Big Picture: Least Squares

] ee— ) ] — D —y_/\y —~y_/\y — ) - Y ([ ) Yy (o] Ay () ~y | ) ] —— D [ ) y


https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
https://samuel-deng.github.io/math4ml_su24/story_ls/ls2_1.html

Lesson Overview

f(w) = w*

100

80

60

40

20

-10

descent
@ start

descent

w1

. start

NS

Click to interact

200

150

100

50


https://samuel-deng.github.io/math4ml_su24/story_gd/gd1_1.html
https://samuel-deng.github.io/math4ml_su24/story_gd/gd1_1.html

T2

Lesson Overview

-6

T1,i

Yy

70

75

x1-axis
X2-axis
x3-axis
ui
u2
u3
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