Math for Machine Learning

By: Samuel Deng
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Lesson Overview

J
Optimization. Minimize an objective functionl I RY — IR)with the possible requirement that the

minimizer X* belongs to a constraint set }% C Rd.\

\HLagrangia__n.,For optimization problems with € defined by ggﬂalities/inequalitigs, the Lagrangian is a
function L : RY x R™ x R” — R that “unconstrains” the problem.

¢ Unconstrained local optima. With no constraints, the standard tools of calculus give conditions for a

oint X* to be optimal, at least to all points close to it. secend oeT V)= O
P P P f(:er g o T conomnen ffrl;()>oq

Constrained local optima (Lagrangian and KKT). When & is represented by inequalities and equalities,
we can use the method of Lagrange multipliers and the KKT Theorem to “unconstrain” the problem.

Ridge regression and minimum norm solutions. By constraining the norm of w* & R of least squares
(i.e. ||[w*||), we obtain more “stable” solutions.
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Lesson Overview

Big Picture: Least Squares
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Deng, Samuel


Lesson Overview

Big Picture: Gradient Descent
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Optimization Problems
Definition and examples



Motivation

Optimization in calculus

In much of machine learning, we design algorithms for well-defined optimization
problems.

In an optimization problem, we want to minimize an objective function
ol 4 5 R with respect to a set of constraints ¢ C | a.

minimize f(X)

xeR? C = ¥ d
subject to \X Al
I
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Motivation

Components of an optimization problem

minimize f(X) «— owetive.
xeR? T

subject to X € 6

chh@u‘M’:

e

ol 4 5 R is the objective function.

d
& C RXis the constraint/feasible set. et @ X€ C.
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Motivation

Components of an optimization problem

minimize f(X) %

xERY
subject to X € 6

il 4 - Ris the objective function.

€ C R"isthe constraint/feasible set. % )

'X* is an optimal solution (global minimum) if " i iw,,-@
— N

X* €€ and f(x*) < f(x), forall x €%

-— —

The optimal value is f(X™*). Our goal is to find X™* and f(x™).

—

T Catler Plwyyivty I x*)
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Motivation

Components of an optimization problem

omimize &6 = Minimize) f(x)
xeR4

subject to X € €

f: R% - R is the objective function.

€ C R"is the constraint/feasible set.

X* is an optimal solution (global minimum) if

x*e ¢ and f(x*) < f(x), foralx € @.

The optimal value is f(x*). Our goal is to find x* and f(x™).

Note: to maximize f(X), just minimize —f(X). So we’ll only focus on minimization problems.
-_’_.d
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Motivation

Optimization in single-variable calculus
/\_/\/'\ ——— —————

Ultimate goal: Find the | C Foord
globalminimdm of |

functions.

¢ Intermediary goal: Find the

local minima. \ i - r"'\l
=5 Miviiwuw e po> e &)
N A aAsNipaY ho=d of x*. ‘ O
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Motivation
o oPEPATIONS LRESEALCAH.

Example: Linear Programming | .. ~vrics
B » COVVWPIER SCIENE

Vel ‘
. : J
Let ¢ € RY, A € R™4 b € R" be fixed. : S o,
— L~ — L/_J G‘c’l I
Let X € R? be the decision/free variables. Tt VOV vers 225t
— o — . . 777
L= Oy - ) minimize ¢ 'X | | st
|

subject to Ax<Db [—m, -][f.] ] [\?.]
- £ : : ;

< Is element-wise inequality: a; X < bl- forall i € [n]. A * b

o v’l ONSKAN niS,
o (‘J vovin 1722
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Motivation

Example: Linear Programming (d = 3, n = 7)

We’'re cooking some NYC classics again. Suppose we have:

100 bacon, 120 egg, 150 cheese, and 300 (sandwich) rolls.
d: S |\ 1 ., 7~ 1

There are three recipes we know:

R e—

Bacon egg and cheese (BEC) requires 1 bacon, 1 egg, 1 cheese, and 1 roll.]
Cost (including Iabor):@

Egg and cheese (EC) requires 0 bacon, 2 egg, 1 cheese, and 1 roll. ]
Cost (including Iabor):@

Bacon egg omelette (BEO) requires 1 bacon, 3 egg, 1/2 cheese, and 0 roll.
Cost (including Iabor):@
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Motivation

Example: Linear Programming (d = 3, n = 7)

We’re cooking some NYC classics again. Suppose we have: Decision variables?

100 bacon,120 egg, 150 cheese, and 300 (sandwich) rolls.

f

C—

There are three recipes we know:
—

= ber of EC,
1. Bacon egg and cheese (BEC) requires 1 bacon, 1 egg, 1 *2 = NHMBETO

cheese, and 1 roll. — X3 = number of BEO

Cost (including labor): $3 Constraints?

2. Egg and cheese (EC) requires O bacon, 2 egg, 1 cheese, and
1 roll.

Cost (including labor): $2

3. Bacon egg omelette (BEO) requires 1 bacon, 3 egg, 1/2
cheese, and O roll. Objective?

o | L
Cost (including labor): $1 C= [z]

[_4
i

n=Y 2, x; = number of BEC,

A= 3
X = (X[, X5, X;) € R? X; 20
L T — o2 O
Xy 20O

Bacon: a; = (1,0, 1), b, =£)9
Egg: a, = (1.2,3), b, = 120
Cheese: a5 =|(1,1,/1/2), b, =.1_52
Roll: a, = (1,1,0), b, = '3_()9

( ¢'x = 3x; + 2x, + x5

ﬁ
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Motivation

Example: Linear Programming (d = 3, n = 7)

Decision variables? Linear prog ram-

X = (x], X, X3) € R '—_\—7 "COTV‘]L W97
x; = number of BEC, mlnlmlze l 3x1 T 2X2 T X3

subject to _ x; +x3 < 100 —
X3 = number of BEO : J 1 23 3 120
Constraints? Boce xl T xz T X3
X1 +.XZ+()5X3 < 150

X, = number of EC,

Bacon: a, = (1,0,1), b, = 100 oo .
Fag: @, = (1,2,3), b, = 120 . x; +x, £ 300
Cheese: a; = (1,1,1/2), b; = 150 xl Z O

Roll: a, = (1,1,0), b, = 300

Objective?

CTX — 3x1 + 2x2 +X3 X3 Z O
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. . -lo2)[t ] 2 o
Motivation oo ¢
Example: Linear Programming (d =3,n=7) |, _yx o «lo£ %

\'?H
Linear program: LP in matrix form: ,- [“; §
minimize 3x; + 2x, + X3 minimize  xEedXs =X
subject to  x; +x3 < 100 subject to AX 5(\1’ J oonsrorat
x; + 2%, + 3x; < 120 Bacon — 10 1 100
toe —| | 2 3 120
xl —+ x2 —+ O.SX3 S 150 i
cheese — [ 1T 1 = 150
< 2
x1+x2_300 A = 1 1 0 b= {300
> )
%20 “@“ 11 0 o0 0
X 20 110 -1 0 0
Xy 2> 0 W 0O 0 -1 0
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Regression
Setup

e
4

Observed: Matrix of training samples X € R and vector of training labels y € R#%
T T — XlT —
@} X=X ... X;| = .
! ! - x5
Unknown: Weight vector w € R with weights w, ..., w,,

T

Goal: Foreach i € [n], we predict: y. = W' X, = wix;; + ... + wx,, € R.

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

Xw=y~xrYy.
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Regression
Setup

Goal: For each i € [n], we predict: y; = w!

Choose a weight vector that “fits the training data”: w € [
fori1 € [n], or:

XW=yRrY.

To find W, we follow the principle of least squares.

= arg min || Xw — y||?
weR?

Xi — Wlxil + ... +deid€ L .

d

such that y; & y,
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Least Squares

Optimization Problem b)= [IXw - 2N

Let X € | y c R" be fixed. Let

W E L ‘ibe the deC|S|on variables.

minimize || Xw — y||?

weR? ) /;::>>
subject to w € R .

— S ~———

VWMTMW

-
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Least Squares

Optimization Problem

let X € R™4 y € |

W E |

" be fixed. Let

d be the decision variables.

minimize
weR?

subject to

IXw — yl|7

w € R4

How to find the minimizer?
[ —
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Least Squares
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R"™>¢

andy € R”. Let w € R be the least squares
minimizer:

Va\

W = arg min || Xw — y||?
weR¢

If n > d and rank(X) = d, then:

) W = (XTX)—ley.]

To get predictions y € R":

) § = Xw = XX™X)"'XTy.

rT
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Least Squares

OLS Theorem cmpie ~Y2Y

g =,
Proof (OLS). ence) 7 o

fiw) = |IXw —y||* =
fw) =w'X'Xw-2w'X'y+y'y :
“First derivative test.” Take the gradient. Z o
—————— %
V. fw) =2X"X)w — 2Xy. ,
Set it equal to 0.
2(X " X)w — 2XTy =0 = X'Xw= XTy B
e " > Q

rank(X) = d = rank(X'X) = d =X"Xis «
invertible:

w=X"X)"X"y. . . _
\ m—x]-gX(S —xD_gxjs e f(x1 x2)-axis
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ST
Least Squares

OLS Theorem

Proof (OLYS).

I
fw) = [IXw — y||> <= fiw) = wIX Xw - 2w'XTy +yTy
“First derivative test.” Take the gradient.

V. fiw) = 2(X"X)w — 2XTy.

Set it equal to 0.

(X VXN
o

2X"X)w-2X'y=0 = X'Xw=X'y 2
rank(X) = d = rank(X'X) = d =X X is invertible:

c comnddole /
| % = X™X)"'XTy. —

‘_\

“Second derivative test.” Take the Hessian of f(w).

[ V2 f(w) = 2X"X.

rank(X) =d = rank(X'X)=d = 1,, Ay >0

R
—> XX is positive definite! '
——p\ CP-_n € ' Cx) .>o- — x1-axis e xD_gxis == f(x1 6 x2)-axis
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Least Squares
OLS Theorem

Proof (OLYS).

I
fw) = [IXw — y||> <= fiw) = wIX Xw - 2w'XTy +yTy
“First derivative test.” Take the gradient.

V., f(w) = 2X"X)w - 2Xy.
Set it equal to 0.

(X VXN
o

2X"X)w-2X'y=0 = X'Xw=X'y 2
rank(X) = d = rank(X'X) = d =X "X is invertible:

w=X"X)"XTy. }
L“Second derivative test.” Take the Hessian of f(W).

Vz fiw) = 2X'X. xd
rank(X) =d = rank(X'X)=d = 1,, Ay >0

R
— X "X is positive definite!

— X 1-axis e xD-gxis wesm f(x1 X2)-axis
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Local and global minima
Definition of “locality” and different minima




Motivation

Optimization in single-variable calculus

Ultimate goal: Find the
global minimum of
functions.

Intermediary goal: Find the
local minima.

f(z)

C

® |ocal min

global min
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a »

“Local” to a Point canal

Definition of an open ball/neighborhood == = =3
gdins
Lletx € R%be a point. For some real valueté > (), the open ball or
neighborhood of radius ¢ around X is the set of all points: .—— vsive oF
; — PN EAE [
By(x) := {a € R?: ||x —a|| < §}. P HEPE.
“X—Q“Z—g o I X— all = §
> [Coamin. + Cal-ady 44 AslEy °
e f ° ®
IR R e b ,(i x/‘ »
M ST
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“Local” to a Point

Definition of an open ball/neighborhood

Example. Consider X = (1,1) € R?. What is the open ball of radius 6 = 1

? o z. _
around X' g 00~ o™ lxale £
o - B CFI= J oc &° Lot « (F-2d £ 1 5
2= . ) e @25 (Dt Ca-ey © 15
& ‘-/;. qe @a Co'(.._|')‘2 £ Co'z "’\') < ‘.;
(o] €/, dron  Nepowed 6 qoudie §=1
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“Local” to a Point

Definition of an open ball/neighborhood

Example. Consider X = (1,1) € R?. What is the open ball of radius 6 = 1
around X7

An open ball lets us approach x from all directions.



“Local” to a Point

Definition of the interior of a set
By(x) :={a el 4. |lx —al|l <)

Let S C R? be a set. A point X € § is an interior point if there exists a
neighborhood B(X) around X such that Bs(X) C § (where C is proper subset).

+ ‘ » W Com Ao o)
S spen Bl CAeSn +

yniuore e or=ter)
Wﬂ/v\ o ‘f_‘_” d'f
tve Yol ¢ N3,

The interior of the set int(S) is the set of all interior points of S, i.e.

22 oA
int(S) :={xe S :#4,(x) CS}. [ N;;ﬂ;—i’ (
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Types of Minima

Local and global minima

IC |
I ® |ocal min

global min

f(z)
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Types of Minima

Local and global minima

minimize f(Xx)
subject to | X € G

J

A point X € € is a local minimum if there exists a
neighborhood B,(X) around X such that

—

-

E——

| f%) < f(x) fo

p

We will also call this a constrained local minimum.

rall X € 6 N Bs(X)~
A

L

A point X* € € is a global minimum if

f(x*) < f(x)forallx € 6.
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Types of Minima

Local and global minima

minimize f(X)
subject to X € 6

A point X € € is an unconstrained local - 22 |
minimum if there exists a neighborhood )
Bs(X) C ¢ around X such that : 'L@

(X) < f(x) for all x € B4(X).
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Types of Minima

Local and global minima

minimize f(Xx)
subject to X € €

A point X € € is an unconstrained local
minimum if there exists a neighborhood

B5(X) C @ around X such that

f(X) < f(x) for all X € B4(X).

Unconstrained local minima are in the interior
1nt(€’) of the constraint set.

On the other hand, constrained local minima can
be on the “edge” of the constraint set.

f(z)
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Types of Minima

Which type of minima are each of these points?

local min

C
minimize f(X) |
subject to X € 6
. D e a Nt |
(D constrained local. V‘Q‘/~ | : A [.?.
f(X) < f(x) forall x € € N By«(X) 1 - mv@;\@f" 1~
_ I S
2 unconstrained local: < 0 i * :
~ R P . : e ﬁf\fO?_
f(x) < f(x) for all x € Bs(X) and Dogm @Eﬁo’" e 1=
Bé(X) CE. 2 VIV‘O’:"‘S d wco|?
- ’ \ND/ |
global. e A _4 : ‘ﬁ
f(x*) < f(x)forallx € 6. _ ]@


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Types of Minima
Big picture

At the end of the day, we want
to find global minima.

Global minima could be either
unconstrained local minima or
constrained local minima.

Without €', global minima
are just one of the
unconstrained local minima.

~With €, global minima may
¢ e boundary of the
constraint set.

global min
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Types of Minima
Big picture

At the end of the day, we want to find 5 c ; o o
global minima. 4 : : T
Global minima could be either : | |
unconstrained local minima or
constrained local minima. 2 | |

Without €', global minima are just I I
one of the unconstrained local Ol
minima. i |

With €, global minima may lie on _ : :
the boundary of the constraint set.

Strategy: Find all unconstrained and u .\
constrained local minima, then test for B i .\
global minima. - u n
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Finding local minima

Big Picture
D VECESSWHY ;e AL UV

D AR - cocnrt TN
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Necessary and sufficient conditions

Review oLS
(! / ;MWC‘L)';O( = QXTX)P‘){"T?"
P = Q —

() is necessary for P. P is sufficient for Q.

sufficiency: If you assume this, you get your property

necessity: Your property cannot hold unless you assume this.

Example:

A sufficient (but not necessary) condition to gétan'Alin‘this class is to get 100 on every
assignment.” =

A necessary (but not sufficient) condition to getanAvin this'classus to turn in every assignment.
A ——  ———————
p

— 23/.)


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Unconstrained Minima

How do we find unconstrained minima? e
u (B Aditah

s  —
A point X € 6 is an unconstrained local minimum if there exists a
neighborhood B(X) C € around X such that

f(R) < f(x) for all x € ByR).

From single-variable calculus;

1 (x —()and "(x) > 0. '\’foﬁgg
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Unconstrained Minima

Intuition from Taylor series

Let © € R be a scalar increment.

At x, € R, the second-order Taylor approximation tells us all we need to know:

1
Coei ) f0+ 0) & fxg) +F(x0)8 + = ()6
V%7 — . - - 2 "
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Second-order Taylor Approximation

Single-variable example

fla) = e
}f(x) — ex/z 4 -

Second-order Taylor expansion at x, = 1:

61/2()6 - 1) .\ 61/2()6 - 1)2

T*(x) = e'" 4+
) 2 3

f(z)
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Unconstrained Minima

Intuition from Taylor series

Let 0 € R be a scalar increment. T !

At x, € R, the second-order Taylor approximation tells us all we need to know:

>SO £90 e >0

| v 1
J(Xp +0) = f(xp) + [ (x9)0 + = f ”(xo)52- Fortot6) & For)
\ ) L )

o y——=F
Pretend that this function approximation is exact!/Then...
PP O %‘f flro+ € = flr)¢ "z(_f"(t%'):
What are the necessary conditions for x to be a minimum?? 2,
=48 = X, £Crotdd £ £08) + L)

What are the sufficient conditions for x to be a minimum?
N


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Unconstrained Minima

Intuition from Taylor series

Let © € R be a scalar increment.

At x5 € R, the second-order Taylor approximation tells us all we need to know:

|
J(xg + 0) = f(xp) + f(x)0 + Ef "(X0)5°.

Pretend that this function approximation is exact. Then...
What are the necessary conditions for x to be a minimum? /'(x) = 0, /"(x) > 0.

What are the sufficient conditions for x to be a minimum? /'(x) = 0, /"(x) > 0.



Unconstrained Minima

f(@)=(z - 1)*

Sufficient conditions met Joze v

Necessary conditions: f'(xy) = 0, f"(xy) > O.
| — B

Sufficient conditions: f'(x,) = 0, f"(xy) > O.

Ca.v\d\dml-o E-T_f j

r | ‘
J(xg+ 0) = f(xy) + f(xp)0 + Ef "(x9)5” \

_._:13[):1

\_/
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@'C‘ko’) =o
f > O,

Unconstrained Minima / (e =0

(sl Min =

Necessary, not sufficient

1
J(xp +0) = flxg) + f'(x9)0 + Ef ()8

® Necessary conditions: f'(x,) = 0, /"(x,) > O.
— — )

f(z)

Sufficient conditions: f'(x,) = 0, f"(xy) > O.
e

Xo = |

2
d pd ‘g( —\ - ot
. 3er-F = (0P =0

f"(ﬁ\: HX"‘:‘H @HC7‘3 = 6C \'_\)'-_Q

(37¢0 = of

/—' .
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Definition

The remainder of a function and its Taylor
polynomial at X, is the function:

R'(x) 1= fx) = T30 ]

What behavior would we Ilke’? |deally,
R"(x) = 0 as X = X, (the approximation
gets better as we approach X).

Remainder of Taylor Polynomial

f(z) = e/?

i

tt
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Taylor’s Theorem

Remainder Theorem 1: Peano’s Form Taylor’s Theorem

Theorem (2nd Order Taylor’s Theorem: Peano’s Form). Let f : R¢ - R be a twice differentiable

function at X,. Then, for every direction d € R

f(xy +d) = f(x) + V(X))

The remainder Is

and the claim is that R*(xy + d) = o(||d||?), meaning that lim R*(x, + d)/||d||* = 0.

1
d+—d
2

V2f(xo)d + o(||d]|?)

0 _ B R
R°(xy +d) = f(xy + d) (f(Xo)'l‘Vf(Xo) d+—d V7f(xyd

2

d—0
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Taylor’s Theorem

Remainder Theorem 1: Peano’s Form Taylor’s Theorem

What does RZ(XO +d) = o(||d||?) mean?

For every C > 0, there exists a neighborhood Bs(0) such that
— L _ —

L)y R¥(xp+d) <C|d||*>, Vde By 0). "
2 ¢ (- l[__=gp = —
We can make the remainder term as small as we like as long as ||d|| is

sufficiently small (||d|| < 6 does the trick).
= P—Z[“ffl)é i
e © o dn <

P
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Taylor’s Theorem

Remainder Theorem 1: Peano’s Form Taylor’s Theorem

What does RZ(XO +d) = o(]|d]||?) mean?

Let d € R be a unit vector with ||d|| = 1 and a@ > 0 be a scalar, so: 4
olad||?) = o(a?) Y
) 2 u ndll=1. , .
Then,f (X + ag) =(0((,¥J) means: 1o ditz= o fdIF= o
, RZ(XO + ad)
lim =0
a—0 gz

(the remainder goes to 0 faster than a quadratic).
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Taylor’s Theorem

Remainder Theorem 1: Peano’s Form Taylor’s Theorem

Theorem (2nd Order Taylor’s Theorem: Peano’s Form). Let f : R? - R be a
twice differentiable function at X,,. Let d &€ R be any direction. For every

C > 0, there exists a neighborhood Bj(()) such that ¥ Lo rorar
— \ywn A \| we
1 oA,
JXp+d) — (f(Xo) + Vf(xp)'d + EdT sz(Xo)d> < C||d||?

R S A —
R

e 4

for all d E B5(0).
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Unconstrained local minima
Necessary conditions




Least Squares

OLS Theorem AT 5> wTCe 1)

Proof (OLS). [ =177 A '

R

“First derivative test.” Take the gradient.

Vo fiw) =2X"X)w — 2Xy.

LX)}

(ex’

Set it equal to 0.



https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html
Deng, Samuel


Least Squares
OLS Theorem

Proof (OLS).

“First derivative test.” Take the gradient.

V. fiw) = 22X X)w — 2XTy.

(X VXN

P

Why is this the right thing to do? a
|

Set it equal to ().



https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html
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Taylor’s Theorem

Remainder Theorem 1: Peano’s Form Taylor’s Theorem

For all intents and purposes E(rs) P E°
) Fﬂ( o m‘ﬂ.?.
m ‘\Oﬁ/AS ‘ -_

|
& ﬁXO + 0) = f(xy) + [ (xy)0 + 5 f”(x0)52 when 0 is small enough.

IS analogous to: J,

|
fxg+d) = f(x)) +V f(XO)Td + EdT sz(xo)d when |[|d|| is small enough.



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Unconstrained Minima
@ Necessary conditions  peave®),
—

f(xo +6) % fxg) +f(50)3 + If"(x())éz( O+ ) %) + Vixg)d A 307 Vfixgd
, Qhen |d]|| is small enﬁ@F\

—when o is small enough.
ke e o w N imuam

v )(o @.
= PLra) £ ‘F“”"'m for &€

2C¥o) + P lho) S ("(:IOBC —— —
L—/ ‘
* >0

Lo KLo*d
) ' J_ el ? !
PG) £ 0K + £0xE + L £k X ::Mp,x > o
n -

Necessary conditions: oz #'¢x,78\* 3 P'ts>8" Necessary conditio
N — - '—S~, o\'q_J YV
d f(xp) = ;f”(xo) >0. | <229 =dVf(xy) = 0, V2f(x,) is PSD.
=/ : 2 o

< 0
Z 6 - ~ =
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Total Derivative

Review of definition

Letf: | 4 — R be a function and let X € | 9 be a point. If there exists a

gradient vector Vf(X,) € | 4 such that
——— /
[ +d) — fixp) = Vf(xp) d —
im----—— = =

d—0 |d|]

then fis differentiable at X, and has the (total) derivative V f(X,).

S

0,
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Alg

Jdlcn=0 ) is BV
Unconstrained Minima 1 ; o % A

Necessary conditions —- PY¥d =0 €'+ 2 o.

[ —

~“Theorem (Necessary Conditions for Unconstrained Local Minimum). Consider

the optimization problem

r

:
L g minimize f(X) c

AR —> subject o XE G ( (' 5
Suppose X* & 1nt(<(€ is an|unconstrained local minimum. 'Then

First-order condition. If fis differentiable at x*, then Vf(x*) = 0. <= £'¢+£)

Second-order condition. If fis twice-differentiable at x*, then V*f(x*) is
positive semidefinite, i.e. v! VZf(x*)v > Oforallv e RY. “—
N £'(x) 2 ©.
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Proof of necessary conditions

First order condition el mn = TEEDI=Oo

First-order condition. If f is differentiable at x*, then Vf(x*) = 0. V / A

Step 1: Use definitionLof t@gdient for ad. L k /4

Choose an arbitrary direction ad € R?, where ||d|| = 1 is a unit vector and @ > O is a scalar.
__ > < ,

f is differentiable, so...

T oo FN . ) L fO6* +ad) - fx9) —aVxHTd

a0 affdi.

which is the same as stating: 2 ol = |.

- . 1 e
/ JX* + ad) — f(X¥)

lim — Vfx*)Td.

a—0 04
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Proof of necessary conditions

First order condition LoChL MIN. = T =o .

First-order condition. If f is differentiable at x*, then V f(x*) = 0.

Step 2: Use local optimality on difference f(x* + ad) — f(x*).
| N

I
From Step 1,
20
, X* 4+ ad) — f(X*
hmff( = Vf(x*)'d. a3
a—0 0 - — . L
& ..
X* is an unconstrained local minimum, so there exists a neighborhood B(x*) such that
f(x) > f(x*) for all x € Bs(x™). So if a < 0 (sufficiently small), —
—_— -
| fx* + ad) > fx) —| Vf(x*)Td: > 0. ?
- eeee———— —

%
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Proof of necessary conditions

. . (1), ")
First order condition (o) [f"‘ f )= 22900
vecr)d
Tﬁst-order condition. If fis dlﬁerentlable at X>I< then Vf(X*) = (). ‘]
e,l"' géot =

Step 3: Conclude by recalllng tha d [R'“was an arbltrary direction.

From Step 2, if a < 0 (sufficiently small) lVf(X*)Td > 02 g \Z(pr) 8 o
&>

But d € R? was an arbitrary direction with ||d|| = 1.
X po—
Cu T r =€ = Vf(X*)la() andd = — €) — Vf(x*), < }) ) = THD

‘; >, =e, = Vf(x¥*),>0andd=—-e, = Vf(x*), <0 '
\ 1¢e’, _ /S J,

d — ed —> Vf(X*)d Z O and d - — ed e Vf(X*)d < O

\__/ S/
Therefore,\Vf(X*) =0. )
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Proof of necessary conditions

Second order condition

Second-order condition. If fis twice-differentiable at x*, then V*f(x*) is PSD.

Step 1: Use second-order Taylor’s theorem with ad € R¢ with ||d|| = 1.

Choose an arbitrary dlrectlon@E RY where ||d|| = 1 is a unit vector and a > 0
IS a scalar. By Taylor’s Theorem (Peano S form) — —

f(x* + ad) — f(x*) = Vf(x*) (ad) + Od)T V2f(x*)(ad) + o(||ad ||*)

[ =avfxHTd +“?d ;

"V2(x*)d + o(a?)

oC Nl d®)
~ o2 NdIt)? olA)

ElE
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Proof of necessary condition

¥)e O -
L = vFLl]
Second order condition [oCht WIN = 7 et s SY

Second-order condition. If fis twice-differentiable at x*, then Vf(x*) is PSD.

Step 2: Use first-order condition on difference f(x* + ad) — f(X*).

From Step 1,
=0

_ + 2
f(x* 4+ ad) — f(x™) %dT V2 f(x*)d + o(a?)

X* is an unconstrained local minimum, so by first-order condition (just proved):

az
( fix* + ad) — fix*) = 7d V2 fix*)d + o\(aj)
T G
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Proof of necessary conditions
Second order condition

Second-order condition. If fis twice-differentiable at x*, then V2f(x*) is PSD.

Step 3: Take o — 0 to get rid of the little-oh terms.
From Step 3,

2
fx + ad) - fx*) = —-d" V2f(x)d + o(a). o)

( ) u h‘M — 2* — o
Recall that if g = o(h), then lim S —o. o A

a—0 h(a)

2 %k _ k
JX* + ad) = f(x*) — —dT VZf(x*)d = o(a*) = lim fr e I ;dT Vif(x¥)d 10)

w - @

By local optimality of X*,

< X" + ad) _f(X*), so 0 < —d' V?f(x*)d. By definition, V*f(x*) is PSD.

Ze &7 d.
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L ND O . >0 = D"Cf:,"\‘.
Least Squares ¢ = v
OLS Theorem

“First derivative test.” Take the gradient.

V., fw) =2X"X)w — 2Xy.
Set it equal to 0. - - | é; 0
- 2X™X)w-2XTy=0 = XXw=XTy 2
rank(X) = d = rank(X'X) = d =X"Xis invertible: i
w=X"X)"Xy. +
“Second derivative test.” Take the Hessian of f(W). ”
Vi flw) = 2X'X. a "
d = rankX'X)=d = A,...,4,>0 %

—> X'X is positive definite! :) de .

— X 1-axis e xD-gxis wesm f(x1 X2)-axis


https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html
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*
X VFC{‘)cQ

[/OC'A[/ = VZFC%’) 'S 'Q_V

NLCZSS'mj: "
c gr) 7o —p b:/ﬁflb oo
% cu)f_o_e -
Unconstrained local minima

Sufficient conditions
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Least Squares

OLS Theorem TH =
Cow = (XYY
Proof (OLS). LoD 2 bind) Yo e

“Second derivative test.” Take the Hessian

of f(W).

| V2, fiw) = 2XTX |

g

rank(X) =d = rankX'X)=d = 1,...,4,>0

— [ X "X is positive definite!
—

(gx 10}



https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html
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Least Squares
OLS Theorem

Proof (OLS).

“Second derivative test.” Take the Hessian

of f(W). 2
V2 fiw) = 2XTX. s ><

rank(X) =d = rankX'X)=d = A,...,4,>0

(gx ‘WX

— X 'X is positive definite!

Why is this the right thing to do?


https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html

Unconstrained Minima

Sufficient conditions .

> L—-}&"’)z
X
i 1 1
J(xp +0) = f(xg) + ./ (xp)0 + Ef (xg)0%  [Xo+d) = f(xp) + .Vf (Xp)'d + EdT V2f(xo)d
when 0 is small enough. when [[d|| is small enough.
ford ¢ FOO ek Terens
A + %4 ") — ME
pex) - BCKexS) & #6707 ¢eeg 8 7 £ — iemﬂmd’
L) = §(¥0 48D = F0%) + posiTive TP,
LCto) € #(Xo)+ P2SITIVE ®PM.
Sufficient conditions: Sufficient conditions:
f(x) =0, 1" (xg) > 0. Vfxy) =0, V*f(x,) is PD.

r——-—"—\
ﬁ p—————
'__h
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Unconstrained Minima o

Sufficient conditions

Theorem (Sufficient Conditions for Unconstrained Local Minimum).
Consider the optimization problem

minimize f(Xx)
M‘Q O"H' ’
ot subjectto X € 6

)
Let X* € int(B). If f € €~ within a neighborhood Ns(x*) of x* and

VAX™) = and | V2f(x*) is positive definite,

I

then X* is a strictlmconstrained local minimum.

bee*) & fcx? Ixe€
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Proof of sufficient conditions da/

Second order condition

Second-order condition. If V> f(x*) is PD, then X* is an unconstrained local minimum.

Step 1: Use second-order Taylor’s theorem with ad € R¢ with ||d|| = 1.

Choose an arbitrary direction ad € R¢, where ||d|| = 1 is a unit vector and a > 0 is
a scalar. By Taylor’s Theorem (Peano’s formy:

f(x* + ad) — fix*) = VAx*)'(ad) + %(ad)T VZf(x*)(ad) + o(||ad]|?)

2

— aVAx*)Td + %dT V2f(x*)d + o(ad)
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Proof of sufficient conditions

Second order condition

7
\/JTA \/ol-é \/Tm\/ é V( ‘4\/

Second-order condition. If V2f(x*) is PD, then X* is an unconstrained local minimum.
Step 2: sz(x*) is positive definite, so its eigenvalues are all positive. A,,_.., AJ 2©-

From Step 1, for any d € R¢ with ||d|| = 1 and a > 0,

2
a
f(x* + ad) — f(x*) = a VAx*)'d + 7d V2f(x*)d + o(a?)-
Let the eigenvalues of VZf(x*) be Ay > ... 2 A;> 0, and consider the smallest eigenvalue, 4, > 0
with unit eigenvector v, with ||v ,|[= T Av=Av.

a——

a’ S a’ - A0
— —d VI(x*)d > —v, V(XF)v, = .
c ¢ -
frr 207 o

Vo Vd = 1.
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Proof of sufficient conditions ...

Second order condition

Second-order condition. If V2f(x*) is PD, then X* is an unconstrained local minimum.

Step 3: We chose d arbitrarily, so the first-order term can be non-negative.

Qo

oo &
' f(x* + ad) — f(x*) = a Vfix*)'d + —d' V*fA(x*)d + o(a?)
L — 2

wC. k —

Aga

Kq =

Because d is an arbitrary direction (could be negative or positive), @ Vf(x*)'d > 0, and

p) p) a2
—_ >

2 2
f(x* 4+ ad) — f(x*) > 4 + 0 (az) = (ﬁ + ola )) a’


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Proof of sufficient conditions
Second order condition

Second-order condition. If sz(x*) is PD, then X* is an unconstrained local minimum.

Step 4: If a is small enough, then o(a?)/a? can be as small as we like.

From Step 3, .[
A o(a?
fx* + ad) — fix*) > | =24 @) )2
2 o’ =
2 i
o(a”)
For any C > 0, we can choose @ small enough so <C. / )\-}'
a2 = Y
o(a?)
Let’s make > smaller tha hen, forany a > 0 sufﬂmently small,
a

g
—

0 + ad) > fXF) + 02 > f(x¥).

20
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Least Squares
OLS Theorem

Proof (OLYS).

|
fw) = IXw = y|I? < f(w) = WX Xw - 2w'X Ty +yTy
“First derivative test.” Take the gradient.

V., fw) =2X"X)w — 2Xy.
Set it equal to 0. z 0
2XTXw—-2Xy=0 = X'Xw=X'y P
rank(X) = d = rank(X'X) = d =X"X is invertible: R
w=X"X)"Xy. +
“Second derivative test.” Take the Hessian of f(W). ”
V2 f(w) = 2XTX. o "
rank(X) =d = rankX'X)=d = 1;,...,4,> 0 (L

R
— X 'X is positive definite!

— x1-axis e xD_gxis == f(x1 6 x2)-axis


https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html

Finding global minima
Introducing constraint sets




Types of Minima
Big picture

At the end of the day, we want to find
global minima.

® |ocal min
@ global min

Global minima could be either ;
unconstrained local minima or
constrained local minima. 2
— 1
Without €', global minima are just
one of the unconstrained local O
minima. C#evY. 77 siokS)

—

With €, global minima may lie on]

O —1

the boundary of the constraint set.

Strategy: Find all unconstrained and
constrained local minima, then test for
global minima.

|
AN

10
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Unconstrained Minima

Necessary conditions

Theorem (Necessary Conditions for Unconstrained Local Minimum). Consider the
optimization problem

minimize f(Xx)

subject to X € €

Suppose x* & mt(€) is an unconstrained local minimum. Then,

e ——

 E—

First-order condition. If f is differentiable at x*, then Vf(x*) = 0.

Second-order condition. If f is twice-differentiable at X, then sz(x*) iSs positive
semidefinite, i.e. v! V2f(x*)v > O for all v € R<.

Note: These necessary conditions only apply to X* € 1t(6¢)!
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Finding global minima * @72 >

Using necessary conditions with constraints

Necessary conditions for unconstrained local minima: .
- 4 h . TAVMDIDATES -

Vfx*)=0 and V*f(x*)%0.

CPSO

’

How@do we find the global minimum from this?

eC.

1.) Find the set of possible unconstrained local minima from the first-order condition
M = {x* e mt(¥¢) : VI(x*) =0}.

J
@ Find the set of “boundary” points B := €\Int(€) = {x € € : X & Int(6)}.

3. The global minimum must be in the set M U B, so evaluate fon all Xx € M U B and
see which one is smallest.———————
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Finding global minima

Using necessary conditions with constraints

Necessary conditions for unconstrained local minima:
Vix*) =0 and V?*f(x*)>0. 5 )
How do we find the global minimum from this? | @ M
Find the set of possible unconstrained local minima . O
from the first-order condition | /
M = {x* € nt(6€) : Vf(x*) = 0}. ? v

> &
@ Find the set of “boundary” points : : &, &
B :=6\Int(¥) = {x € € : X € int(F)}. l *

f(x)

The global minimum must be in the set M U B, so O

evaluate fon all X € M U B and see which one is ® O\
smallest. L e S AR B
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Finding global minima

Using necessary conditions without constraints

Necessary conditions for unconstrained local minima: [ 6 @ 7

VAx*)=0 and V2Zfx*)> 0.

R49

How do we find the global minimum from this when ¢ =

1. Find the set of possible unconstrained local minima from the first-order condition

M = {x* € int(®) : VAx*) =0} = [x* € R?: Vf(x*) = 0].

2. There are no boundary points!

3. The global minimum must be in the set M, so evaluate f on all x & M and see
which one is smallest. =

of VSE SUFEF. CconP. C Hesstom & €07
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Finding global minima

Using necessary conditions without constraints

Necessary conditions for unconstrained local minima:
Vfx*)=0 and V?*f(x*)>0. | g e

How do we find the global minimum from this when :
€ = R% 2 &

1. Find the set of possible unconstrained local minima
from the first-order condition

M = {x* e nt(€) : VI(x*) =0} = O )
(x* € R?: Vf(x*) =0}.

@)
N
\VP

2. There are no boundary points!

3. The global minimum must be in the set /7, so I

evaluate f on all x €& M and see which one is
smallest.
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Unconstrained Minima

Example

Consider the one-dimensional optimization problem —

minimize x*
| subject to x € [1,3] ¢ [1.sD v 4 5]
D And jxet E'()=03 =M

plce) =22 = (=0 =2 = X=0

= W"‘W 2 6 =3 xel . x4& mtCE)§ ~ ixet‘rﬂ -‘zX&C[r%)g - 21 33
) D mve = 333 [Fe= =l #9731,

In general, this works for any one-dimensional problem where f: R — R is
continuous on € = [a, b] and differentiable on 1nt(¢) := (a, b).

jx*‘ =1/
‘@C»c“%‘-l E
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Unconstrained Minima

Example

Consider the one-dimensional optimization ’ o crcasrn

problem
minimize x?
subject to x € [1,3]

f(z)

In general, this works for any one-
dimensional problem where f : R — R is
continuous on € = [a, b| and differentiable

on nt(6) := (a, b).




Unconstrained Minima ,

Example: Why haven’t we solved optimization?

Consider the two-dimensional optimization problem

minimize f(x;, X,)

subject to x12 + x22 <l

We might have to evaluate f on the infinite number of points on the boundary of
the circle, €\int(¥) := {x € R*: x12 + x22 =1}

This isn’t feasible, so the question is:

How do we deal with the possible constrained local minima induced by 6’ ?
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Unconstrained Minima
Example: Why haven’t we solved optimization?

Consider the two-dimensional optimization problem
minimize f(x, x,)

subject to x12 + x22 <1
We might have to evaluate f on the infinite number
of points on the boundary of the circle, S
G\Int(6) = {x € R2:x12+x22= 1 }! > T

This isn’t feasible, so the question is:

How do we deal with the possible constrained local
minima induced by €?


https://samuel-deng.github.io/math4ml_su24/story_ls/ls4_1.html

Constrained Minima
Equality Constraints and the Lagrangian



Constrained Minima

What can go wrong?

Recall the definitions of (unconstrained) local minima and constrained local minima.

A point X € € is an unconstrained local minimum if there exists a neighborhood
@%)??C ¢ around X such that W N2T BE OV %Mm

E R\ 1(X) < f(x) forall x € Bg(x)

A point X € € is a local minimum if there exists a neighborhood B(X) around X such
that

eg oV
f(X) £ f(x) forall x € € N By(X). @ gonoréy

We also call this a constrained local minimum.

-—
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f(z)

Constrained Local Minima

Minimum values on the “edge of the constraint set”

‘ [ |
C @ constrained min

® unconstrained min

@

@® constrained min.


https://samuel-deng.github.io/math4ml_su24/story_ls/ls4_1.html
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Constrained Minima

Equality constrained optimization

An equality constrained minimization problem is an optimization problem
defined by an objective function f : 4 R, decision variables X € R, and

constraints 4,(X), ..., h(X) from a @' vector-valued function h : R » R™,
written as follows: - l
S
e __° . Q WL 0’(\%' Scolony
minimize f(X) e Fpetions
subject to  /;(x) =0
: . h¢x) =G
_ = Y lr) —~S=©.
h,(x) =0 \ h o7 =

e

where h(x) = (h(X), ..., h (X)). )
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Constrained Minima

Equality constrained optimization

minimize f(X)
subject to  /;(x) =0

h;,n(x) =0

The = O constraint is WLOG:

If hj(X) = ¢ then we can always consider h]f(x) = hj(X) — ¢ = (O instead.
AN A
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Constrained Minima: Equality Constraints

Example: Maximum Volume Box

Consider the following optimization problem - X3

%N K2¥sg

elnre C leasth x wdn v He-cWh )

MINIMIZE X X)X; Shar

subject to ’ XXy + XXz + x1x3 —c/2 =0 z

3

— |

Here, X € R°, the objective is f(X) = x;x,x3, and / :
valued (one constraint) with A(X) = xx, + X,x; + x;x3 — ¢/2.

¥, Yo tNaXs ~ Qs = Clz = |o.

IS Just scalar-
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Constrained Minima: Equality Constraints

Idea

We will convert the constrained optimization problem into an unconstrained
optimization problem and then use our tools for unconstrained optimization

problems: p =<
+—
0 Vix) =0 and V?*f(x)>0.

-

l

The unconstrained optimization problem will have m more variables (for each
‘___—_/

constraint hj for j € [m]), represented by a vector A € R"™ (the Lagrange %
multipliers).



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Constrained Minima: Equality Constraints

Definition of the Lagrangian

For an optimization problem with equality constraints
minimize f(X)
subject to  h;(x) =0

d4m — £ hﬂ(X)zO -~
the Lagrangian function L : R x R™ — R is the function 2

min  LX,4) = f(x) 4 Z Ah(x) = f(x) + A "h(x).
Xl =1 = | — =

Notice that the function L(X, A) is an unconstrained function.
——
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Constrained Minima: Equality Constraints

Regularity Conditions
For an optimization problem with equality constraints,

minimize f(X)
subject to  h(x) =0,...,h (x) =0
L J C S

d

a point X € L *” IS a reqular point if it is feasible and the gradients
Vh(x),..., Vh (X) are linearly independent.
Q

4

This will be the (usually) easily checkable condition we need for a minimum in the
Lagrangian. Another condition is that A, ..., i, are linear functions.

- @
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Constrained Minima: Equality Constraints

Lagrange Multiplier Theorem ST TLC%A) =0

Theorem (Lagrange Multiplier Theorem). Let Xx* € R“ be a local minimum that is a regular

point. Then, there exists a unique vector A € R" called a Lagrange multiplier such that

~

T

[Vf(x*) + ) A Vh(x*) =0
=1

\

If, in addition, fand A, ..., h,, are twice continuously differentiable,

d' (V2f(x*) + Z /ll-Vzhi(X*)) d>0

=1

for alld € R” such that Vh(x*)'d = 0, where Vh(x*) € R%" s the Jacobian of h at x*.
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Constrained Minima: Equality Constraints

How to remember the Lagrange multiplier theorem

The Lagrangian function is:
L(x,2) = VAxX) + ) % Vh(x) =0
i=1

Remember the necessary conditions for local minima:
V£(x) =0 and V*f(x) > 0.
Applying the first-order necessary conditions for the Lagrangian, a local minimum (X*, A*) must satisfy

IV L(x*,A4%) =0 %nd! V,L(x*,A*) = 0. ‘

Notice that V,L(x*, A1*) = () is the same as requiring feasibility: h(x*) = 0.
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Constrained Minima: Equality Constraints

Lagrange Multiplier Theorem: Sufficient Conditions

Theorem (Lagrange Multiplier Theorem - Sufficient Conditions). Let f and h
be &~ functions, such that x* € R¢and 1 € R” satisfy

V L(x*,A*) =0and V,L(x*,A*) =0

d' Vi, L(x*,1%)d >0, Vdsuchthat Vh(x*)'d = 0.

»

Then, X* is a local minimum.
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Constrained Minima: Equality Constraints
How do we use the Lagrangian?  £rc ve

Assuming that a global minimum exists and f and h are %”1, let the Lagrangian be:
m
L(x,2) = f(x) + ) A}h(x).
i=1

To find a global minimum...

1. Find the set (x*, 1*) satisfying the necessary conditions: V, L(x*,1*) = 0 and
V,L(x*, A*) = 0. This is just our usual first-order condition applied to L( -, - )!
_ NFeE Py ooV, DoNT AP
To ! (‘Fl‘mel‘fwa B= (¢ xe € !
3. The %Iobal minima must be among the points in (1) or (2). o imce)é

v,

2. Find the set of all non-regular points. -
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Constrained Minima: Equality Constraints

Example: Maximum Volume Box = A3
. e E1eEY

Consider the following optimization proble .
YL i € minimize =¥tz C2 0,

MEEEREE X0

)((‘:
subject t0 XX ELX FXXe—c/2 =0 ,?
O LAGPATNGAN )y 4% 4 % Xz X3 — Cl2. L—
CL) =
=> |LL4¢A7= % ¥z + )\ C’(c“z-(' g lg « HXz— C/Z7) } vh &)

lYg'('/\(K(""'X\S\ s

— )(25(3‘('- A[fz-FY';') — [;] v/\-z X{xz,\;)(zi; + ¥ Y3 _C/& =0
)(tfz* A[Xz t¥)

A= X% XXz _ - %X
l )(2‘)(3 + AC’CZ*'[% )=0 24tz YA 4 Sy € 4o

2\ — 2 K __9
7 r «¥e) =20 =)
[ >\ ﬁt‘(g AC:L‘ > Y ¥ )((’( - AC)(()(Q f("Y:;\( ')
K =%y =¥g= -2 /‘ ._9 X ko + AC¥2&A”) =9 ACA N 4% ) g

=AY L =AKe ¥
=~ /24 l><|=%27 =) | =7, =¥
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Constrained Minima
Inequality Constraints and the KKT Theorem



Constrained Minima

Inequality constrained optimization

An inequality constrained minimization problem with objective f : |

minimize f(X) &—
subject to  h(X)=0,...;h (X)=0
gl(X) < Oa“'? gr(X) < {,

where h(X), ..., h (X) are &' and g2(X), ..., g.(x) are &
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Constrained Minima

Inequality constrained optimization INEQUALITS
minimize f(X) .

subject to  h(x) =0,...,h (x) =0
gl(X) SO,,gr(X) <0 ((/\(\f/m\IQWFW>

1 f

[Main Idea: Reduce to equality constrained optimization. J

The only difference is that each inequality constraint can either be active or not.
Bi1 NYiNGy .

A constraint j € [r] is active if g(x) = 0.
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Constrained Minima: Inequality Constraints

Definition of active constraints

For feasible x € R? the set of active Inequality constraints is

( dx):=1{j: g =0} Clr].

This means we get a new definition for a reqular point...

A point X € | 4is a regular point if it is feasible and the gradients

Vh(x),....,Vh (X)} U {ng(x) € d(X)}

are linearly independent.
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Constrained Minima: Inequality Constraints

Lagrangian in Inequality Constrained Optimization

For an optimization problem with equality and inequality constraints

minimize f(X)
subject to  A(x) =0,...,h (x) =0

the Lagrangian function L : | dw R™x R"” = R is the function

\

L(x, A, p) = f00) + D" 4% + D uigi(®) = fx) + 2 h(x) + 4 "g(x).
=1

J=1

Notice that the function L(X, 4, i) is an unconstrained function.
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Constrained Minima: Inequality Constraints
Karush-Kuhn-Tucker (KKT) Theorem CNEESSHr PONT O )

s
Theorem (KKT Theorem). Let X* & R4 be a local minimum that is a regular point. Then, there exists unique
vectors A € R™ and u € R’ called Lagrange multipliers such that ~— — > oW,

owd  ACATVE TQre7 v?r

g—

VAX®) + ) AV + ) Vg (x*) =0,
i=1 i=1

where //t].* > (O forallj € |r] and ,uj* = ( for all non-active constraints ] & &/(X*) (complementary slackness).

‘L
. € < O =) My = O-
If, in addition, f( - ) and A( - ) are twice continuously differentiable, ?J R = ™

£\ — C—=> .
7[*3 /—m\ ?')CX )'O M) 6@.
V2A(x¥) + ) 4, V2h(x*) | d > 0
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Constrained Minima: Inequality Constraints
Karush-Kuhn-Tucker (KKT) Theorem

For the Lagrangian,

L(X, 2, ) = fX) + ) A% + ) uigi(),
i=1 j=1

we can write the previous necessary conditions at the local optimum (X*, A*, u™) as;:
V L(x*, A%, u*) =0, h(x*) =0, g(x*) <0
where we also require the complementary slackness conditions:

p* 2 0and p¥gi(x*) = 0, Vj € [r]
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Constrained Minima: Inequality Constraints
Karush-Kuhn-Tucker (KKT) Theorem: Sufficient Conditions

Theorem (KKT Theorem - Sufficient Conditions). Let , h, and g be &~ functions, such
thatx* € R4 ) € | " ou* € R satisfy

V. L(x*, 2%, u*) = 0, h(x*) = 0, g(x*) < 0

¢. — p*20andp g(x*)=0,Vjel[r] w[l

dT V2 L(x*, A%, u*)d S0, (sCHAL Wi

for all d such that Vh(x*)'d = 0 and ng(x*)Td =0, Vj € J(x%*)

Then, X* is a local minimum.
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Constrained Minima: Inequality Constraints

How do we use the Lagrangian?

Assuming that a global minimum exists and f, h, and g are G, let the Lagrangian be:
m r
L(X, 2, 1) = fX) + ) 4(X) + ) 1igi(X)
i=1 j=1

To find a global minimum...

1. Find the set (X*, A*, u™) satisfying the necessary conditions:
V_ L(x*, A%, u*) =0, h(x*) =0, g(x*) < 0 (first-order conditions)
u* > 0and //t]*gj(x*) = 0, Vj € [r] (complementary slackness) «—

2. Find the set of all non-regular points.

3. The global minima must be among the points in (1) or (2).
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Constrained Minima: Inequality Constraints

Example: Smallest point in a halfspace m

Consider the following optimization problem over x € R%: %~ == —
i 2 )#O“‘P Ed
_ S ILXI| .
2

|
minimize —||x||3 2 0.
. \2 2 e L’, | l][ ] + 3
L[ )3

VTN

L

subject to  x; +x, +x3 < —3__

d LABIW"VC”W"’N 9.C*) = K(«¥p4Xs+3 < O

y
T = LI MOt £8) =3 (RTeE G T
v L = )(+M = 'O VML - )/('f)(z"('{x;; =0
X - O
T, = b )(z-eM] [a ) LiAM = O PV
WX = X3 £ M - {9 tM= O =y = Xa
Y\ Gver Kg & e o
(owm SWSQ Y= ¥s = %3 Y~ X2 & K7 = —% =) =Ry ='i7
/"Qﬂ‘ MNSC v K= Yo =
[~ F -2 \/ m@‘
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east Squares Regression
Regularization and Ridge Regression



Regression
Setup

Observed: Matrix of training samples X € R and vector of training labels y € R?.

0 0 — X, —
X = X1 ... Xyl = :
| | — X' -
Unknown: Weight vector w € R? with weights w,, ..., w,,

T

Goal: Foreach i € [n], we predict: y. = W' X, = wix;; + ... + wx,, € R.

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

Xw=y~xrYy.



Regression
Setup

Goal: For each i € [n], we predict: y; = w!

Choose a weight vector that “fits the training data”: w € [
fori1 € [n], or:
XW=yRrY.

To find W, we follow the principle of least squares.

A\

W = arg min || Xw —y||°
weR?

Xi — Wlxil + ... +deid€ L .

d

such that y; & y,



Regression

“Regularzation” and keeping ||w|| small

One reasonable
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Lesson Overview

Big Picture: Least Squares

m— x1-gxis = yD-gxjs == f(x1 x2)-axis @ unconstrained min. @ constrained min.

unconstrained min.

@ constrained min.

O c



https://samuel-deng.github.io/math4ml_su24/story_ls/ls4_1.html
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For X € |

Least Squares o

Least norm exact solution

OL> dznN

Zxhet SawvTions C PREvwo VVE# SE )

. - gt o 7

Xd \ith rank(X) = n, —_

w = CW(/"’ ‘r wO‘)

mlnlmlze HWH |joo & _ooD
weR?

subject to Xw =y

v \
N oW TIsvW S :r|gff5?25§gigz:>.

SMWALL
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Least Squares

Least norm exact solution

For X € R™ with rank(X) = n,

minimize ||wl|]
weR?

subject to Xw =y

We already know how to solve this — use the pseudoinverse!
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Least Squares

Least norm exact solution
h
For X € R with rank(X) =n, — " 7 7 :

minimize ||w|]
weR

subject to XW j

Theorem (Minimum norm least squares solutlon). Let X € | ”Xd, letd > n7

and let rank(X) = n. Then, w = Xty = VX*U 'y is the exact solution

XW = y with smallest Euclidean norm: B N
SN

G

HWH% > HWH%fOF allw € [
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Least Squares

Least norm exact solution

For X € R™ with rank(X) = n,

Z
minimize ||W| _
weR ) T =, .
- ) _
Sllbjéct to XW = y 4 _ X 7 x;’{w =

ooAY

—_——

K.nrw < #ﬂ

Alternate proof (through Lagrangian): For Lagrange multipliers 4 € R",

2 L——
Lw,2) = lw]l+ 2 Xw —y)
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Least Squares .

Least norm exact solution

Fr
For X € R™ with rank(X) = n, Voo W W= 2w.
2

minimize ||w]]
weR?

subject to Xw =Yy

n

Alternate proof (through Lagrangian): For Lagrange multipliers 4 € R”",

L(w, 2) = ||w|| + AT (Xw ~¥) > ~.

First-order conditions: V ,L(W,A) = 2w + X'land V ZJL(W,A) = Xw —.

Setting equal to zero: 2w+ X' A =0and Xw —y = 0
o — 2
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Least Squares
Least norm exact solution

minimize ||w]|
weR¢

subject to Xw =y

Alternate proof (through Lagrangian): For Lagrange multipliers 4 € R”,
L(w,2) = [|w]| + 2" (Xw —y)
First-order conditions: V , L(W, 1) = 2w + X'land V ZJL(W,4) = Xw —y.

Setting equal to zero: 2w + X'A = 0and Xw —y = 0
— N

1
—> W = —EXT/I andZXW =y R
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Least Squares

Least norm exact solution

For X € R™“ with rank(X) = n,

minimize ||w]||
weR?

subject to Xw =Yy
Alternate proof (through Lagrangian): For Lagrange multipliers 4 € R”,

Lw,2) = |[w]| + 2" (Xw —y)

First-order conditions: V ,L(W,4) = 2w + X'land V JL(W,A) = Xw —y.

1
Setting equal to zero: 2w + X')=0and Xw — y=0—=>w=-— —X'"2 andt XwW =y

2
w
1 e’\ romie CX) = "N
Solve for A: Xw = — =XX'1 —= — —(XXT),I y = A= -— 2(XX )1 y. N RV

xXTe &
= 2 > Y



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Least Squares
Least norm exact solution

For X € R™ with rank(X) = n,

minimize ||w]||
weR?

subject to Xw =y
Alternate proof (through Lagrangian): For Lagrange multipliers 4 € R”,

L(w,2) = ||w]| + 2T (Xw —y)

First-order conditions: V ,L(W,A) = 2w + X'1and V ZJL(W, A) = Xw —y.

SR

1 Qeond> V7
Setting equal to zero: 2w + X' A =0and Xw —y=0=w=——X"landXw =y 4z oD

2 M%C‘F )e v

1 1 it ,fﬂ
Solve for : Xw = — =XX']1 = — E(XXT)/I —y = 1=-2XX"ly. P
1

Plug A back in to solve forw: w = — —X'1 = — EXT (—Z(XXT)_ly) —|w = X"(XX")~ly = XMy. [The pseudoinverse!
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Least Squares
Least norm exact solution

For X € R™ with rank(X) = n,

minimize ||w]||
weR?

subject to Xw =Yy
Alternate proof (through Lagrangian): For Lagrange multipliers 4 € R”,

L(w,2) = ||w]| + 2T (Xw —y)

First-order conditions: V ,L(W,A) = 2w + X'land V ZJL(W, A) = Xw —.

1
Setting equal to zero: 2w+ X'A=0and Xw —y =0 = w = — EXT/I and Xw =y
LT L oxT T\~ 1
Solve for A: Xw = —EXX I = _E(XX M=y = 1=-2XX")".

1 |
Plug A back in to solve for w: w = — EXT/I = — EXT (—Z(XXT)_ly) — w = X' (XX~ ly = X"y. The pseudoinverse!



Least Squares

Least norm exact solution

For X € R with rank(X) = n,

minimize ||w]|
weR¢?

ThapaNel @3 subject to _XW =y o

" Theorem (Minimum norm least squares solution). Let X € R™“, let d > n, and let

rank(X) = n. Then, w = X"y = VXU 'y is the exact solution XWw = y with smallest
Euclidean norm:

d

HWH% > HWH%]‘OF allw € |

How about for the approximate solution to || Xw — y/||%?

__—\%
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Least Squares

Ridge Regression

Our goal will now be to minimize two objectives:

' o N
| IIXw — y|* and [|w]|* e
- K‘vﬁ L =) Cone
i s
ook

/
° ° ° 2 “ 2 [ )
minimize || Xw — Y| —l} ;//HwH% e '—'-*?.,g.i’:::o

weR?
ADLS.

Writing this as an optimizatic;n problem:

where ¥y > 0 is a fixed tuning parameter. This optimization problem is known as

ridge/Tikhonov/¢ ,-regularized regression.
_ . —ee— —
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Least Squares

Ridge Regression

Our goal will now be to minimize two
objectives:

IXw — yl|* and ||w]|*.

Writing this as an optimization problem: -

minimize || Xw — yH2+Q\WH2

weR4

Where y > O IS a flxed tunlng ‘B ('\W\\ - 27 e x1-aXS m—x2-axis === f(x1, x2)-axis @ unconstrainedmin. @ constrained min. ® unconstra ined min. @ constra ined min. @ ¢
parameter. This optimization problem is

known as ridge/Tikhonov/¢
-reqularized regression.
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Least Squares

Ridge Regression

Our goal will now be to minimize two
objectives:

IXw — yl|* and ||w]|*.

Writing this as an optimization problem: -

minimize || Xw — y||% + y||w||?

weR? |
where }/ > O IS a fixed tuning e toois m xiare = 1, s ® onsiainsmin, @ conssined i, ® weorsranea . @ corstaneain. @
parameter. This optimization problem is
known as ridge/Tikhonov/? , For bigger y, esgger “constraint”™ ball!

-reqularized regression. f e )
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Least Squares

Solving ridge regression

minimize [ Xw— y||2 + }/HWH2
weR? [ I |

How do we solve this using the first and second order conditions?
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Least Squares
Solving ridge regression XI= [?5.6 o
o Y .

minimize || Xw — sz + }/HWH2
weR?

How do we solve this using the first and second order conditions?

Property (Perturbing PSD matrices). Let A € [ dxd e g positive semidefinite

matrix. Then, for any y > 0, the matrix A + yl is positive definite.
( — —
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Least Squares

Solving ridge regression

minimize ||Xw — sz + }/HWH2
weR4

How do we solve this using the first and second order conditions?

Property (Perturbing PSD matrices). Let A € R4 pe g positive semidefinite matrix. Then, for

any y > 0, the matrix A + yl is positive definite. -ty > 0. #r v+o
[ . ~

Proof. Let v € R be any vector.

LMvwW7
vI(A 4+ yDv =8 AV + yv) =&'Av + yV v
A ST T G o
=vIAvV+  y|lv|]? JTv= Ivil*
=0 >0 u\nlevsslv=0.

5P —
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Least Squares

Solving ridge regression

minimize ||Xw — y||? + y||w||?
weR? C )
Take the gradient and set to 0:

1f
Vo IXw =y + V,|w||* = 2X"Xw — 2X Ty + 24w
. _ L >

2X'Xw - 2X'y+2yw=0 = X'X+/Dhw=Xy
. —
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Least Squares

Solving ridge regression

minimize || Xw — sz + }/HWH2
weR?

Take the gradient and set to 0:
Vo IXw =y + V |w||* = 2X"Xw — 2XTy + 2w
2X'Xw - 2X'y+2yw=0 = X'X+yDhw=Xy

— /\(’..., AJ > 0

By property (perturbing PSD matrices), X' X + yI is PD, so:
— ]
wt = (X'X +5) Xy
_’_/—l

G = (xR
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Least Squares

Solving ridge regression

minimize

weR4

Take the gradient and set to 0:

IXw — ylI* + 7llwil*

V. IXw=y|I? + V |w|* = 2X"Xw — 2X Ty + 24w

X Xw —2XTy

By property (perturbing PSD matrices), X 'X

2yw=0 = (X'X

vl is PD, so:

yDw =Xy

" w = (XX + ¢y Xy, i

Taking the Hessian,

V2f(w) = XX + 71, which is positive definite.

a

Sufficient condition for optimality applies!
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Least Squares

Solving ridge regression

Theorem (Ridge Regression). Let X € |

nXd, y = L

" and y > 0. Then,

A . 2 2
W =arg min ||Xw —y||* + y[[w]|

weR?

has the form:

w=X"X+4D) Xy.

To get predictions y € [

y = XW = XXX+ Xy,
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Least Squares

Solving ridge regression

Theorem (Ridge Regression). et Theorem (OLS). Let X € | nXd and
X € R™ yeR" andy > 0.Then, y e R" Letw € R be the least

the ridge regression minimizer squares minimizer:

W = arg min ||Xw — y||* + y||w||? W = arg min ||Xw — y||?
WERd WERd

has the form: o " Ifn > dand rank(X) = d, then
w=X'X+yD)"'X'y. w=X"X)"XTy.

To get predictions y € R™: To get predictions y € R™:

y=Xw=XX'X+ D)Xy, § = Xw = X(X"X)"XTy.
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Error in (OLS) Regression

Error using least squares model

Choose a weight vector that “fits the training data”: w € [ d

1 € [n], or:
XWEY z;y.)

But ¥ might not be a perfect fit to y!

such that y; & y. for

4 and an error term € = (€4, ..., €,) € |
- C—
— v :
y; = X W* +pgiforalli € [n]

Model this using a true weight vector w* € |

y=XW*+€e—£é\eﬂf
c—
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Error in (OLS) Regression

Error using least squares model

True labels: y = Xw* + €.

What happens when we use the OLS welghtslw = (X'X) X "y?
D— X™X)T'XY) | paer-
= (X"X)" IXT(Xw* + €)
_3 + (XTX)"XTe
———
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Error in (OLS) Regression

Error using least squares model

True labels: y = Xw* + €.

What happens when we use the OLS weights w = (X' X)X Ty?
w=X"X)" X"y
= (X' X)"'X"(Xw* + ¢)
= (X" X)"X"Xw* + X"X)"X"e
=w*+X'X)"'X'e —
When ¢ = O (y is linearly related to X), this is perfect: w = w*!

~

w S~
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Error in (OLS) Regression

Error using least squares model

True labels: y = Xw* + €.

What happens when we use the OLS weights w = (X' X)X Ty?
w=X"X)" X"y
= (X" X)"'X"(Xw* + ¢)
= XXX Xw + (X'X) X e
=w* + (X'X)"X'e

When € # 0, we have an error of W — w* = (X' X)X e.
— -
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Error in (OLS) Regression

Eigendecomposition perspective ALt C%—u)-(x"g_

W prt
Weight vector’s error: W — w* = (X' X)X "e.
We know that X' X (the covariance matrix) is PSD, so it is diagonalizable:

XX </ VAV )— (X™X)"' = VTA V.
- - L J = = =

The inverse of the diagonal matrix A '
«c ) O

, so if 4. is smalll, the entries of w blow up!

—_— (T Som o{«\pec/wv‘s>
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Error In Regression

Error using ridge regression

True labels: y = Xw* + €.

What happens when we use the ridge weights w = (X' X + yI)_lXTy?
w=X"X+yD) X"y
= (X'X + yD) I XT(Xw* + ¢)

= (XXFyD) I XTXw* + XX + 7D X Te
\ P w
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Error In Regression

Error using ridge regression

True labels: y = Xw* + €.

What happens when we use the ridge weights w = (X'X + yI)" X Ty?
w=X'X+yD)" X"y
= (X'X +yD ' X" (Xw* + ¢)
= (XX + /D X"Xw* + XX +¢yD)'X"e

Cne Nnoviger  efonchly
w* )
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Error In Regression

Error using ridge regression

True labels: y = Xw* + €.

What happens when we use the ridge weights w = (X' X + yI)7'XTy?
w=X'X+¢yD) Xy
= (X'X +yD ' X" (Xw* + ¢)
= (X'X +yD)X"Xw* + XX + D) XTe

When € # 0, we have more stable errors!




Error In Ridge Regression

Eigendecomposition perspective

Ridge weights: w = (X'X + yI)~'Xy.

We know that X' X is positive semidefinit
L, A\

(———

—

JuT=1
XX+ I=VAV + VGDVT = X' X+yD)'= V(A +/)'V.
= L’—_J

e, So It is diagonalizable;

The inverse of the diagonal matrix (A + yI)~ "

}

v —

1
Y
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Least Squares

Ridge Regression

Theorem (Ridge Regression). | et

X € R"™¢

/\

= arg min
weR?

e ridge ré‘ég

€

" anw Then,

ression minimizer

has the form:

To get predictions y € [
y =Xw=XX"X+yD X'y

e

w=X'X+yD)"X"y.

unconstrained min. @  constrained min.

For bigger y, biager “constraint™ ball!
<vo||l2
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Recap



Lesson Overview — cCifaraaii.
V(\/WSTWU\W

Optimization. Minimize an objective function f : RY — R with the possible requirement that the
minimizer X* belongs to a constraint set € C R<.

Lagrangian. For optimization problems with & defined by equalities/inequalities, the Lagrangian is a
function L : R x R™ x R” — R that “unconstrains” the problem.

Unconstrained local optima. With no constraints, the standard tools of calculus give conditions for a
point X* to be optimal, at least to all points close to it.

Constrained local optima (Lagrangian and KKT). When & is represented by inequalities and equalities,
we can use the method of Lagrange multipliers and the KKT Theorem to “unconstrain” the problem.

Ridge regression and minimum norm solutions. By constraining the norm of w* & R of least squares
(i.e. ||[w*||), we obtain more “stable” solutions.
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Lesson Overview

Big Picture: Least Squares
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Lesson Overview

Big Picture: Gradient Descent
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