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Lesson Overview

Probability Spaces. We’'ll review the basic axioms and components of probability:
sample space, events, and probablility measures. This allows us to ditch these notions
and introduce random variables.

Random variables. Review of the definition of a random variable, its distribution/law, its
PDF/PMF/CDF, and joint distributions of several RVs.

Expectation, variance, and covariance. Review of these basic summary statistics of
random variables and common properties.

Random vectors. Introduce the idea of a random vector, which is just a list of multiple
random variables. Discuss generalizations of expectation and variance to random
vectors.

Data as random, statistical model of ML. Introduce the statistical model of ML and the
random error model. Introduce modeling assumptions. State and prove basic statistical
properties of the OLS estimator.
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https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html

Lesson Overview

Big Picture: Gradient Descent
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https://samuel-deng.github.io/math4ml_su24/assets/figs/3.2/gd1_etasmall.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/nonconvex3d.html

Motivation
Data as randomly distributed



Regression wd ) Xl
Setup X e@@,\ \
/ \[ € & ; @J

Collect labeled training data = Fit the model W = Generalize on new X,
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Regression
Setup

Observed: Matrix of training samples X € R and vector of training labels y € R".

0 0 — X, —
X = X1 ... Xyl = :
| | — X' -
Unknown: Weight vector w € R? with weights w,, ..., w,,

T

Goal: Foreach i € [n], we predict: y. = W' X, = wix;; + ... + wx,, € R.

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

Xw=y~xrYy.
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Regression
Setup

Goal: For each i € [n], we predict: y; = w!

Choose a weight vector that “fits the training data”: w € [
fori1 € [n], or:
XW=yRrY.

To find W, we follow the principle of least squares.

A\

W = arg min || Xw —y||°
weR?

Xi — Wlxil + ... +deid€ L .

d

such that y; & y,



Regression
Setup

Original Goal: Given a new, unseen (X, ) € | 4% R, we wanted to generalize:

AT ~

d

To do this, we fit the “training data”: w € R“ such that y; & y. fori € [n], or:

XW=y~rY.

To find W, we follow the principle of least squares.

A\

W = arg min || Xw —y||?
weR?



Regression
Setup

To find W, we follow the principle of least squares.

A\

W = arg min || Xw —y||?
weR? . ?

)

Least squares expanded is just: / S Z (W™ ‘\m/

Put a 1/njthere, and it looks like we’re minimizing an average...
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Regression with randomness
Setup

Each row XlT e RYfor i € [n] is a random vector. Each y; € R is arandom variable. There exists a joint distribution I]j’x,y over R? X R, where we draw:

(Xia yl) ~ I]:Dx,y'

We want to find a model of the data, a function f : RY — R that generalizes well to a newly drawn (X0, Vo) ~ Py

Our notion of error is the sqguared loss:

£(f(x),y) = (y — f(X))".
To choose the model f, make the assumption that it is linear: f(X) = w'X, for some w.

To choose the model f, we attempt to minimize the expected squared loss, or the risk:

E (- fx)?] = J(y _ X)X, y)

As a substitute, we can minimize the empirical risk:

n

1 2
— ) = fx)>
n

i=1

EP\)
N
1



Regression
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Modeling randomness
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Probability Spaces

Sample Spaces, Events, and Random Variables



Sample Space

Example: Flipping 2 fair coins

Consider the following experiment:;

Alice and Bob both have a fair coin.
They each flip their coins

simultaneously, and the result can be
either H or 1.

What are the possible outcomes of this
experiment?

HH

I'H

HT

T




Sample Space

Intuition and definition

The sample space of some experiment on
which we want to model probabillities is the
set of all possible outcomes. We usually

denote this 2.
ﬂ AV D
; eeslt

g VP

Example: o

Q= {(HH,HT,TH,TT).

HH

I'H

HT
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Events

Intuition and definition b Ay loxst o hood

Given a sample space €2, an event is a /
subset A C €2 of outcomes. Denote a A
collection of events . HH

Example:
A ={HT,TH} = {"exactly 1 head"} ( o

z“@j
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Events

Intuition and definition

Events are subsets, so they obey the usual rules
and definitions of set logic.

A U B (union)
A N B (intersection)

A¢ (complement)

Example:
A ={HT, TH} = {"exactly 1 head"}
AC = {HH,TT)
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Probability Measure

Intuition and definition

A probability measure is a set function

number in [0,1].

Foran event A € <f, we call

P : o/ — [0,1] mapping from sets to a

(A) the

probability that event A occurs.

Can be interpreted as “degree of belief” or

“long-run frequency.”

Or just the “mass” of a particular subset!

HH

I'H

HT
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Probability Measure

Axiomatic Properties

Any valid probability measure [P satisfies
two properties:

1. The measure of the entire sample space:

PQ) = 1.

2. For disjoint events A, A,, As, ...

P (A, UAUA3U...) = P(A) + P(A) + P(A3) + ...

also known as countable additivity.

-~ ‘/\

A —
o b

HH I'H
HT T
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Probability Measure

Properties of probability measures

1. Complements. For any event A € &/, the probability of the complement is:

P(A %) :Al — P(A).
2. Subsets of events. For two events A, B € o, if & C 1B, then:

P(B) < P(A).
3. Unions of events. For any two events A, B € ¢,
PAUB)=PA)+ P(B)—PANB).

4. Union bound. For any finite collection of events A, ...,An,

P(AjU...UA,) < ) PA).
=1
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Probability Measure

Example Measures

For discrete outcome spaces, a common
way to measure probabilities is to make
outcomes equally probable:

P({w}) =1/|Q| forw € Q.

This isn’t the only valid measure, e.qg.

PGHH}) =1

HH

I'H
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rr



Deng, Samuel


Conditional Probabilities

Intuition and definition

For events A, B, the conditional probability of B
given A is:

P(A N B)

P(B|A) = S0

Example:

A = {Bob's coin is H} Y(eI1R)= E(A
B = {Alice's coin is T’} = Wy ]\/2

C = {Alice's coin is H}

HH

HT

rr
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Conditional Probabilities

Chain Rule and Bayes’ Rule

The chain rule of conditional probability is:

P(ANB) = P(A | BYP(B) = P(B | A)P(A).

This easily gives us Bayes’ rule:

P(B | A)P(A)
P(B)

P(A | B) =

Bayes’ rule can be thought of as how we “update our beliefs.”



Conditional Probabilities
Law of Total Probability

The law of total probability allows us to chop up
probabilities into an exact sum of distinct events.

If B,, B,, B, ... is a countable collection of
events, then, for any event A: %g')om*
e
P(A) = Zl (AN B)

P(A) = ) P(A | B)P(B)

0 = Al £ygs Heod s,
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Probability Space

Intuition and definition

A tuple of a sample space, event space (o-algebra),

and probability measure(£2, 527 P) is called a
probability space.

Example:

Q={HH,HT, TH, TT}

S ={a,{HH},{HT},....\HH,HT,TH,TT} }
P({w}) = 1/4 for all w € Q2.

HH

I'H

HT
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Probability Space

Intuition and definition

A tuple of a sample space, event space (o
-algebra), and probability measure

Q. F.1

) is called a probability space.

We avoid dealing with these directly!
Instead, we use random variables.
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Random Variables

Example: Flipping 2 fair coins

Consider the following function:

X0 — |

where X(w) = number of heads, H.

Random variables are functions that
assign a numerical quantity to every
outcome In the sample space.

HH T H

& 7 |

/ x1,
HT TT
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Random Variables

Example: Flipping 2 fair coins

Consider the following function:

X0 — |

where \)S(w) = ] if at least one H, and 0
otherwise. —

Random variables are functions that
assign a numerical quantity to every
outcome Iin the sample space.
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Random Variables

Example: Flipping 2 fair coins

Consider the following function:

X0 — |

where X(w) = 341x where x is the
number of 1.

Random variables are functions that
assign a numerical quantity to every
outcome In the sample space.

e;l)(\
T
HH T H
\
vy > Y L2
/ })
HT TT
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Random Variable

Intuition and definition

A random variable is a function
X : €2 — R that takes outcomes

@ € €2 of the sample space and maps
them to real values.

HH

I'H

HT
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Random Variable

Intuition and definition

A random variable Is a function

X : €2 — R that takes outcomes

@ € €2 of the sample space and maps
them to real values.

We typically use random variables to
talk about events without referencing
the underlying sample space.

HH

I'H
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Random Variable

Intuition and definition

Let X : Q — R be defined as

X(w) = # of heads, H.

Let the underlying probability measur
assign outcomes to be equally likely:

P{w}) =1/4

Then, forany S C R,

P«(S) = P(X €)9).
L |

rr
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Random Variable

Intuition and definition

Let X : Q — |

X(w)

Forany S C R,

be defined as

= # of heads, H.

Px(S) =PX €S =P({w e Q: X(w) €S})

\+
Example.

What’s Py(1)?

{

7]

e

What's P4(20)? =12

‘/—’—\

+ +
@ Z
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Random Variable

The distribution of a random variable

Let (€2, &/, [P) be some underlying probability space.

Random variables X : £ — R come with a distribution/law, P.

This implicitly defines a probability measure on R. For § C R,

Px(S) =P(X€S) =1 (X‘1(§)) = P({w € Q : X(w) € S)).

Q\

%s
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Random Variable

The distribution of a random variable

Let (€2, &/, [P) be some underlying probability space.

Random variables X : £ — R come with a distribution/law, P.

This implicitly defines a probability measure on R. For § C R,

PA(S)=PX €S =PXIS)) =P({w € Q: X(w) €S)).

This allows us to just talk about the numbers in IK!



Probability Spaces

Putting everything together

The sample space is the set of all possible outcomes:

Q = {HH,TH,HT, TT}).

The event space (0-algebra) is some collection of events: H H I'H
dA={a,{HH},{TIT}, ..., {HH,HT,TH,TT}}
The (underlying/base) probability measure is how we l
1 7 . I
measure the “mass” of events: Proomere - ¥ oo }/4\0
P(w) = 1/dforw € L. gpatnss < *Lovgrun ™ 6 HT TT

A random variable on (€2, &/, P) is a function X : Q — R
associating outcomes w € €2 to numerical values in [R:

X(w) = # of heads in @

o WS LH.
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Probability Spaces

Putting everything together
X = ﬁ'— 6‘1"(_0:\45

Example:

Compute P(X = 9): \@
Pl xesond) =%
Compute P(X = 1):) ‘/27

—

Compute P(X = 2):‘ @

——

@

HT

rr
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Random Variables
Distributions of random variables



Cumulative Distribution Function

Intuition and definition

yMyLIUT
e ‘

Let X : 2 — R be some random variable (on an underlying probability space

(Q, d, P)).

—————

The cumulative distribution function (CDF) of X is the function
Fy : R = [0,1] defined as:

FX(,iC) = | (X < X)

- —
This function allows us to get probabillities in an interval:

P(a <X <b)=F(®b) - F(a)
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Cumulative Distribution Function

Examples
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Cumulative Distribution Function
o) = FUXE ]

Properties

Right-continuous. Every for every point
a € R, the CDF satisfies:

lim f(x) = f(a).

xX—a-

Monotonically nhondecreasing. For every
x <y, Fy(x) < Fy(y).

Limits at infinities. The limits at both
infinities are:

lim Fy(x) =0and lim Fy(x) = 1.

X——O0 X— OO

1.0

0.8

PIX = x|
o
o))

f(x)
o
AN

o
N

o ] |

o e ek, |
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Discrete vs. Continuous RVs
Difference in CDF

1.0 ®
: 1.0
I
I
|
0.8 |
I 5 0.8
I
I
| — I | —
= I =
v 0-6 | vl 0.6
>, ! >,
] : ]
1 : 1
= 04 : % 04
= : =
I
6
0.2 0.2
| 0.0
0.0 6
-2 1 0 1 2 3 4 20 -15 -10 -05 00 05 10 15 20

Discrete RVs have “jumps” in the CDF; (absolutely) continuous RVs are smooth.



Discrete Random Variables

Intuition and definition 21,23, 4.5 ... %

A discrete random variable is a random variable whose range

XQ)={x€eR: X(w) =xforsomew € 2}

IS countable or finite.

Example.

X:{HH,HT, TH, TT} — R with X(@w) counting the number of heads.

X :10,1] = R defined by X(w) = 0 if w < 0.5 and X(w) = 1 otherwise.
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Discrete Random Variables . ,_ .

Probability mass function Prr-\")= ’/z
Fer=2) =T

A discrete random variable X has a
probability mass function (PMF)

px - R — [0,1] defined by: HH TH

Px(x) = PlX = x].

Example. What’s the PMF of the RV HT TT

X : Q — R with X(w) counting the
number of heads?
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Discrete Random Variables

Example: Flipping 2 fair coins

Example. What’s the PMF of the RV X : 2 — R with X(w) counting the
number of heads? —_—

0.5 ®

HH I'H

0.4

0.3

PIX = x]

p(x)=

0. HT T

00 @ ®

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Continuous Random Variables

Intuition and definition

A continuous random variable 1s a random variable whose range

X(Q)={xe R : X(w) =xforsomew € Q}

IS uncountably infinite.

For continuous random variables, the probability at any point x € K is zero!

PI[X =x]| =0.

So there is no “probability mass function,” but there is a probability density function.



Continuous Random Variables

Probability density functions

A continuous random variable X has a probability density function (PDF) py : R — R (notice the
output space need not be [0,1]) with the properties:

Forallx € R, py(x) > 0 and J px(2)dz = 1.
R

To get probabilities from the PDF:

b
Pla <X <b) = J Px(2)dz.

We can also obtain the CDF by the fundamental theorem of calculus:

px(x) = F(x).



Continuous Random Variables
Intuition for the PDF

PDFs do NOT give probabilities. -

Think of them in analogy to the physical notion of density:
mass

density = .
volume

In an infinitesimally small interval, we can get a probabillity:

X+€
Px—e<X<x+¢) = J Px(2)dz = 2epy(x).
L ) X—€
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Continuous Random Variables

Example: Picking uniformly iIn the interval

Example. What’s the PDF of the RV X : 2 — R with the uniform random
variable on [0,5]?

0.200
0.175
0.150
0.125
E 0.100
0.075
0.050

0.025

0.000
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Continuous vs. Discrete RVs

Example: Uniform Discrete and Uniform Continuous

Continuous RV uniform on [0,0.73]. Discrete RV uniform on {0,0.25,0.5,0.75}.

-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25
-0.5 0.0 0.5 1.0 1.5
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Continuous vs. Discrete RVs

Example: Uniform Discrete and Uniform Continuous

Continuous RV uniform on [0,0.73]. Discrete RV uniform on {0,0.25,0.5,0.75}.

1.0 1.0 .
I
I
0.8 0.8 l
o—0
I
|
= - |
vi 0.6 v 0.6 l
o = [
b = -
— [ l
= 0.4 = 0.4 :
|
0.2 o—él
0.2 I
I
I
I
0.0 I
0.0 o

-0.50 -0.25 0.00 025 050 0.75 1.00 1.25 1.50 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50
X
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Continuous vs. Discrete RVs

Summary

For continuous RVs,

P(X=x)=0

b
Pb<X<b)= [ Px(x)dx

For discrete RVSs,

P(X =x) € [|0,1].

p(x)

x]

px)= P[X=

x]

PIX =

f(x) =

x]

P[X <

fx) =
o
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Random Variables
Multiple random variables



Joint Distribution

Example: Tossing coins and rolling die

X

Consider two experiments: s

Alice tosses a fair coin, Bob tosses a

fair coin. 0

Charlie rolls a fair six-sided die. — v £ 1

Let X count the number of heads in 2

the first experiment.

Let Y be the integer of the face of the
die in the second experiment.
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Joint Distribution

Definition

Let X, ..., X, be random variables. The joint
distribution of X;, ..., X, is the probability

distribution written I’y y with corresponding 0
PMF/PDF: —

X 1

2

Px,,.. x,
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- - - - ;(H

Marginal Distribution S Fry (%3
rr X
Definition o Py (213> + B0 3y 4
s¢ /0{:—\4‘ | F~7(27 2)
For two random variables X, Y with joint L ! . =t(3) =z
distribution py y(x, y), the marginal -~
distribution of X is obtained by “summing 0
out”/“integrating out” the variable we don’t
care about: X 1
px(x) = ZPX,Y(X, y) ’
Y 1 2 3 4 5 6

pPx(X) = [ Px.y(X, y)dy
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Conditional Distribution Px (1)
Definition - Py (11 x=0)
= By (O 1) O g2
For two random variables X, Y with joint P (o) Ty
distribution py y(x, y), the conditional
distribution of X given Y = y is given by 0
only considering the events where ¥ = y. v
pX,Y(xa y)
Pxy(x | y) = ——— :
py(y)
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Joint Discrete Distributions

Joint, marginal, and conditional

0

X 1

2
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I e

Joint Continuous Distributions -
Joint, marginal, and conditional - —
B

L 0.15

r 0.10

T 0.05
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Joint Distributions

Summary

Let py y(X, y) be a joint distribution.

The sum rule/marginalization allows us to get from a joint to a marginal distribution.

Zy Px y(x,y) Yisdiscrete

Px(X) =9 &
) J_Oopx,y(X, y) Yis continuous

The product rule/factorization allows us to “factor” the joint distribution into the
marginal and conditional distributions.

Px.y(X,¥) = pyx(y | X)px(X) = pxy(x | YIpy(y):


Deng, Samuel


Independence

Intuition and definition

We say that two random variables X, Y are independent if their joint distribution
factors into their respective distributions:

pX,Y(xa y) = px()py(y).

Another definition: the conditional distribution is the marginal.

Pxiy(x | ¥) = px(x) and pyx(y | x) = py(y).
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Independence

Intuition and definition

We say that two random variables X, Y are independent if their joint distribution factors into their
respective distributions:

pX,Y(xa y) = px(X)py(y)-

Another definition: the conditional distribution is the marginal.

Pxiy(x | ¥) = px(x) and pyx(y | x) = py(y).

For more than two RVs, let { X }..; be a collection of RVs indexed by I. Then, {X;} are independent if,
for any finite subset of indices {i, ..., } € I,

3|

k
Px. ... .,Xik(Xila L Xik) = HPXI-J.(XZ;)-
j=1



Independence
Independent and identically distributed (i.i.d.)

A collection of random variables X, ..., X, are independent and identically
distributed (i.i.d.) if their joint distribution can be factored entirely:

le,...,Xn(xl’ “‘9xn) — HpXi(xi)'
=1

Very common assumption in ML!



Expectation
Definition and Properties



Expected Value

Intuition

The expectation/expected value or mean of a random variable is its “center of
mass.”
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=
0.25 * 03 0.125
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Expected Value

Definition

WA a4 svM

The expectation/expected value or mean of a random variable X is

[ X = Z xpy(x) for discrete X

X

- X ]| = J xpx{(x)dx for continuous X
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Expected Value

Definition (Functions of RVs)

The expectation/expected value or mean of a function g(X) of a random variable
X is

X )
-[g(X)] = Z 2(x)py(x) for discrete X

X
-|g(X)] = J g(xfpx(x)dx for continuous X

5; A function of a random variable is a random variable!
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Expected Value

Properties of the expected value

Linearity. The expectation is a linear operator:

~[aX| =

-[X'| and

(X + Y] =

—[X] +

=[],

for any random variables X and Y (need not be independent)!



Expected Value

Properties of the expected value

Linearity. The expectation is a linear operator:

ﬂ:’ s iy — @

“laX ] = aE[X]and E[X + Y] = E|X] + E[Y],

for any random variables X and Y (need not be independent)!

Product (for indepndent RVs). For independent random variables X, Y

-[ XY | =

More generally, for independent X, ..., X,

= [ X ]

| Y.

= [ [ Exa.
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Conditional Expectation

Intuition

The conditional expectation is the “best guess” of a random variable’s
expectation, given an event occurs.

Depending on context, this is a random variable or a function.

- Guemy)

[ X :Y: y] is a function g(y) = E[X | Y = y].

-

| X | Y] is arandom variable g(Y).
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Conditional Expectation

Intuition
S o vorllf W.// |

Consider the roll of a six-sided fair die. —

Let X = 1 if the roll is even, X = 0O otherwise.

Let Y = lif the roll is prime, Y = 0 otherwise. —T |2 L

Whatis E[X]? = '/y-0 + - 1% % e [4Yy, ]

Whatis E[X | Y=1]? = !/z2°| + -0« V-2

What is EfX¥=-0}? - ]/3- o+ -1 -l = \2;57 l*7;
Whatis E[X | Y =y]and E[X | Y]? FLX 14=4]) - €= (B

R G A ld=y (D= 900 = O for xto,l,
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Conditional Expectation

Definition (given events) ., R (. nwlor)d

If A is an event and X is a discrete random variable, the conditional expectation of X given A is:

—
(X | A]= ) PylX =x]Al
T

If X, Y are discrete random variables, the conditional expectation of X given Y = y is:

X Y=yl= ) xpgyx|y)= ) xPX=x|Y=y. ek
x'L_/ X N—

If X, Y are continuous random variables with joint density py y(x, y), ¥’s marginal py(y) and conditional density

pX,Y(x9 y)
Pxy(x | y) = , the conditional expectation of X given Y = y is:

py(y) (ot

N —— L
X | ¥ = y] = J e
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Conditional Expectation

Definition (given a random variable)

For two random variables X and Y, think of the conditional expectation of X

given I as the “best guess” of € only using the information from #: \{

X
| Y | X] is a random variable (a function g(X) of the RV X).

We can obtain this random variable by figuring out the function g(x) for
| Y | X = x] and then “plugging back in” the random variable g(X).
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'_

Definition (given a random variable) - , )

Conditional Expectation P

X~ Unt€CLe\))
Example. A stick of length 1 is broken at a point X chosen uniformly at random.
—_— _
Given that X = x, choose another breakpoint Y uniformly on the interval [0,x].
What is the random variable E[Y | X]? What is its mean?

FC1] % )

’IEE\I )X—zx] —— "Wt s dve  epffedies verve s ~f
V¢ e Shoe > e, % )°

QLrI* [’(/2? E[’\(—] = .
\Eﬁlx} 900 X2|  ELECUX)]) = Eroood ELX -2 LX)

_ o
z‘z’ W
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Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Conditional Expectation

Properties of conditional expectation

Independence. If X is independent of Y,

—

=[X | Y] =

\—~

Pulling out what’s known. For any function@,

-1 X .

“[A(X)Y | X] = h(X)ELY | X].

Linearity. For any random variables X, Y, Z and scalar a € R,

X+ Y| Z] = E[X | Z] +

Y| Zland ElaX | Z] =

Law of total expectation/tower rule. For any random variables X, Y,

oy

S|

=LY | X]] =

T
ZV.

-1 Y.

“[X | Z1.
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Variance
Definition and Covariance




Variance

Intuition

The variance of a random variable is how “spread” around its expectation it is.
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Variance

Definition

2 ?
PAIERPACER 1:5)
The variance of a random variable Var(X) is: 7 |

Var(X) = E[(X — E[X])"]

= £ X= 2xE) + £ ]

&mﬁ;‘;"‘?ww' Ftv') - Elexgw])« ELED) ] ] o >
" G FE)- mER) ) £ Frw)? = ELX - 280 + EOr)

This can also be written (using linearity of expectation):

Var(X) = E[X?] — E[X]*.
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Variance

Definition

The variance of a random variable Var(X) is:

Var(X) = E[(X — E[X])"]

This can also be written (using linearity of expectation):

Var(X) = E[X?] — E[X]*.

The standard deviation is 4/ Var(X). — vaig e St "%d( |
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Variance

Properties of variance JarCa¥) = ol VoK)

\Jov (B) = O
The variance is NOT linear, but we do have, for a, f € R,

Var(aX + f) = a*Var(X).

If X, ..., X, are independent (more generally, uncorrelated),

.
Var(X; + ... + X)) = Var(X;) + ... + Var(X)).
;_/
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Covariance

Intuition

The covariance measures the linear relationship between two random variables.

2.5

2.0

1.5

Cov ( X(,X)¢ p

0.5

0.0

3.0

2.5

0.0 0.5 1.0 1.5 2.0

-0.5

1.5 2.0

1.0

X1

CovCA %) >0

0.0

-0.5

codCod\, /) = O
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Covariance
Definition o |

The covariance of X, Y is

Cov(X,Y) = E[(X — E[XD(Y — E[Y])].
The outer expectation is over both X and Y (their joint distribution).

This can also be rewritten as:

Cov(X,Y) = E[XY] — E[X]E[Y].
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Covariance

Definition

The covariance of X, Y is

Cov(X,Y) = E[(X — E[X](Y = E[YD].

The outer expectation is over both X and Y (their joint distribution).

This can also be rewritten as:

Cov(X,Y) = E|XY] — E[X]E|Y].
The correlation is what we get from normalizing the covariance:
Cov(X,Y)
y/ Var(X)Var(Y)

pX,Y) =




Covariance

Properties of covariance XX

Covariance follows the “symmetry” property:
Cov(X, Y) = Cov(Y, X).
Covariance follows the “bilinearity” property:
Cov(aX + pY,7Z) = aCov(X, Z) + pCov(Y, 2).
Covariance follows the “positive definiteness” property:

Cov(X, X) = Var(X) > 0.
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Random Vectors
Multivariate Random Variables



Random Vectors
Definition £: § 7 @w
£ €~ ¢

So far, we have only been talking about single-variable distributions.

We can talk about multivariable distributions by considering random vectors:

.
Xl
X = |
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Random Vectors

Expectation

The expectation of a random vector just comes from taking the entry-wise
expectation:

— [X1]
— [Xz]

—[X] =

=[X,]




Random Vectors |
Covariance Matrix X = [

The variance of a random vector generalizes to the covariance matrix

In the d = 2 case, _— _—

v _ Var(X;) Cov(X;, X))
~ |Cov(X,, X))  Var(X,) et
{

What do you notice about this matrix?
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Random Vectors

Covariance Matrix

The variance of a random vector generalizes to the covariance matrix

> = E[(X —

[ XD -

E[X]) '] =

In general, 2, ; = Cov(X;, X;).

Var(X,)
Cov(X5,, X;)

Cov(X,, X;) Cov(X,,X,)

Cov(X;, X,)

Var(X,)

Cov(X;,X )
Cov(X,, X))

Var.(Xn)
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Random Vectors

Covariance Matrix

The covariance matrix is symmetric.

Y=X'

The covariance matrix is also positive semidefinite.

X

2X > 0Oforallx €l

d

R

CYecréAL
THTEM
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Data as random
Modeling regression with probability




Regression
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Regression
Setup (Review)

Observed: Matrix of training samples X € R and vector of training labels y € R".
T T — XlT —
X = X1 ... Xyl = :
! ! J,
Unknown: Weight vector w € R with weights w, ..., w,,

T

Goal: Foreach i € [n], we predict: y. = W' X, = wix;; + ... + wx,, € R.

Choose a weight vector that “fits the training data”: w € R such that y; =~ . for i € [n], or:

Xw=y~xrYy.



Regression
Setup (Review)

Goal: For each i € [n], we predict: y; = w!

Choose a weight vector that “fits the training data”: w € [
fori1 € [n], or:
XW=yRrY.

To find W, we follow the principle of least squares.

A\

W = arg min || Xw —y||°
weR?

Xi — Wlxil + ... +deid€ L .

d

such that y; & y,



Regression
Setup (Review)

Original goal:

Given a new, unseen (X, y,) € RY X R, we wanted to generalize:
w'x, ~ ),
Choose a weight vector that “fits the training data”: W € R? such that y; ~ $, for i € [n], or:
XW=yRrYy.
To find w, we follow the principle of least squares.

W = arg min || Xw —y||?
weR?



Regression
Setup (Review)

To find W, we follow the principle of least squares.

T ™
A : o) — A 1,
w = arg min || Xw —y]| : ,
weR? ‘ f
Least squares expanded is just: _ T T J

IXw—ylI>= ) (w'x;—y)?
=1

Put a 1/n there, and it looks like we’re minimizing an average...
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Regression o WX

. ¢
A note on W oz | €

e | — ) E—— ] —— D y_/\y —~y_/\y — ) -y () y (o) /\y o ~y


https://samuel-deng.github.io/math4ml_su24/story_ls/ls1_2.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html
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Regression - .[% WX =o
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https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html
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Regression
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https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html
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Regression with randomness
Setup

Each row XlT e RYfor i € [n] is a random vector. Each y; € R is arandom variable. There exists a joint distribution I]j’x,y over R? X R, where we draw:

(Xia yl) ~ I]:Dx,y'

We want to find a model of the data, a function f : RY — R that generalizes well to a newly drawn (X0, Vo) ~ Py

Our notion of error is the sqguared loss:

£(f(x),y) = (y — f(X))".
To choose the model f, make the assumption that it is linear: f(X) = w'X, for some w.

To choose the model f, we attempt to minimize the expected squared loss, or the risk:

E (- fx)?] = J(y _ X)X, y)

As a substitute, we can minimize the empirical risk:

n

1 2
— ) = fx)>
n

i=1

EP\)
N
1



Regression with randomness
Setup

We want to find a model of the data, a function f : RY — R that generalizes well to a newly drawn (X0, Vo) ~ Py

Our notion of error is the sqguared loss:

£(f(x),y) = (y — f(X))".
To choose the model f, make the assumption that it is linear: f(X) = w'X, for some w.

To choose the model f, we attempt to minimize the expected squared loss, or the risk:

E (- fx)?] = J(y _ X)X, y)

As a substitute, we can minimize the empirical risk:

n 1 «
ROy = — 2 Oy = fox)™
i=1



Setup

Regression with randomness

Each row XlT e Réfori € |n] is a random vector. Each y; € R is a random

variable. There exists a joint distribution Iy | over |

(Xi9 yl) ~ | X,y"

d o |

- where we draw:



Regression with randomness

Training examples

Matrix of training samples X € R™ and vector of training labels y € R".
T T «— XlT —
X = X1 ... X5 =
! ! - X! -

n

d

as a d-dimensional random vector.

Each entry is a random variable, think of XlT e |

Each label is a random variable, think of y; € R as a random variable.

Each (x;,y,) € | 4 % R pair is drawn from a joint distribution, |

X,V



Regression with randomness
Setup

Each row XlT e RYfor i € [n] is a random vector. Each y; € R is arandom variable. There exists a joint distribution [P’X,y over R? X R, where we draw:

(Xia yl) ~ I]:Dx,y'

To choose the model f, we attempt to minimize the expected squared loss, or the risk:

E (- fx)?] = J(y _ X)X, y)

As a substitute, we can minimize the empirical risk:

YN L <P )
Ry =— Z,(y,- F(x))>



Regression with randomness

Setup

Each row XlT e Refori |n] is a random vector. Each y, € R is a random

variable. There exists a joint distribution [Py | over | 4% R, where we draw:
(Xi9 yl) ~ X,y"

We want to find a model of the data, a function f : R® — R that generalizes well

to a newly drawn (X, yp) ~ Py .

Our notion of error is the squared loss:

P,y = (v — fo)e. | 4- §09



Deng, Samuel

Deng, Samuel


Regression with randomness
Model of error (pssympristV

Each (x;,y,) € | 4 % R pair is drawn from a joint distributio@
/
q y; = f*(X;) + ¢ /

Some deterministic function f* : RY — R explains as much as it can

Some randomness ¢€; models the unexplained relationship, where we assume

~[€;] = 0 and ¢; is independent of X..
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Regression with randomness

Model of error

Each (x,,y;) € | 4% R pair is drawn from a
joint distribution, |

X,y
y; =X + €
Some deterministic function f* : | 45

explains as much as it can

Some randomness €; models the
unexplained relationship, where we assume

“[e;] = 0 and ¢; is independent of X.




Regression with randomness

Model of error

Each (x,,y;) € | 4% R pair is drawn from a
joint distribution, |

X,y
y; =X + €
Some deterministic function f* : | 45

explains as much as it can

Some randomness €; models the
unexplained relationship, where we assume

“[e;] = 0 and ¢; is independent of X.




Regression with randomness

Model of error

Each (x,,y;) € | 4% R pair is drawn from a
joint distribution, [Py .
"X

[yl-=XiW*+€i /

Deterministic linear function

[ f(x)= XTW*?

Some randomness €; models the unexplained
relationship, where we assume

-[e;] = 0 and ¢; is independent of X..
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Regression with randomness

Model of error



https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html

Goal, with randomness

Each (x,,y;) € | 4 % R pair is drawn from a joint distribution, |

Regression with randomness

T

Yi = X,

This givesus X € R andy € |

-, T
; D)z (™D Xy

X,V

w* + ¢, where [E[¢;] = 0 and ¢, is independent of X..

" so we can also write;

y = XwW* + ¢, where ¢ € R" is a random vector.
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Goal, with randomness

Regression with randomness

Each (x,,y;) € | 4% R pair is drawn from

a joint distribution, Py |

We can draw a new (X, yy) from the
distribution |

X,y"

We want to find a model f : | 45

predicting on this new example.

Notion of “badness” Is squared loss

£ (f(Xg), o) = (Vg — f (Xo))z-

for
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Regression with randomness
Setup

Each row XlT e RYfor i € [n] is a random vector. Each y; € R is arandom variable. There exists a joint distribution [P’X,y over R? X R, where we draw:

(Xia yl) ~ I]:Dx,y'

We want to find a model of the data, a function f : RY — R that generalizes well to a newly drawn (X0, Vo) ~ Py

To choose the model f, make the assumption that it is linear: f(X) = w'X, for some w.

Our notion of error is the sqguared loss:

£(f(x),y) := (y — f(X))°.



Regression with randomness

Goal, with randomness

Each (X, y;) € RY x R pair is drawn from a joint distribution, Pxy
We can draw a new (X, ) from the distribution Py .

We want to find a linear function f : RY - R for predicting on this new example:
f(x) =w'x

Notion of “badness” is squared loss:

£ (f(Xp), Yo) = (Yo — /i (Xo))z-

To make a decision, we care about the expected o

R(f) = Ex )l (o = S (X0))°]
L— <
V.



Deng, Samuel

Deng, Samuel


Regression

Goal, with randomness

y=X'w¥*+e¢,

where € is a random variable with E[¢] = 0 and Var(e) = 2, with € is independent of X.

Draw 1 examples: random matrix X € R4 and random vector y € R".

Ultimate goal: Find f(X) := W' X that generalizes on a new (X0, Vo) ~ Py

R(f) := E,_, [(f(xo) — ¥o)°]

Intermediary goal: Find f(X) := W 'X that does well on the training samples:

YW L T
R(f) = 21 (f(x;) = )



Regression

Goal, with randomness

y =X W*+e¢,

10

where € is a random variable with E[e¢] = 0 and ¢ is independent of X.

Rnxd

Draw n examples: random matrix X &€ and random vector y € R".

Ultimate goal: Find f(X) := W' X that generalizes on a new
(X09 y()) ~ [P)X,y:

R(f) = Ey, [(fXg) = 30)°] -
Intermediary goal: Find f(X) := W'X that does well on the training
samples, minimizing empirical risk: s
‘ n
A A | A , 1. 2
| RH) £ =Y Fox) =y = —IIXw -y
— o &

-10

This is what we’ve been doing all along!

L1
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Regression with randomness
Setup

Each row XlT e RYfor i € [n] is a random vector. Each y; € R is arandom variable. There exists a joint distribution I]j’x,y over R? X R, where we draw:

(Xia yl) ~ I]:Dx,y'

We want to find a model of the data, a function f : RY — R that generalizes well to a newly drawn (X0, Vo) ~ Py

To choose the model f, make the assumption that it is linear: f(X) = w'X, for some w.

Our notion of error is the sqguared loss:

£(f(x),y) := (y — f(X))°.

To choose the model f, we attempt to minimize the expected squared loss, or the risk: —* ﬁ 9
r

R(f) = Ey [y — f0)] = J(y Y dP(x, )
- J

As a substitute, we can minimize the empirical risk:
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Statistics of the OLS Estimator

Bias and Variance



Statistics of the Error Model

Setup

Let X € R be a random vector and y € IR be random variable be drawn from

the joint distribution | X,y where

¢

T

y =X W*+e¢,

where € IS a random variable with
iIndependent of X.

“[e] = 0 and Var(e) = o2, with €
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Statistics of the Error Model

Expectation

y=X W¥+¢

-|le | X] = 0, because errors are independent of X.

Frelxl= Fre) - o
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Statistics of the Error Model

Variance

y=X W¥+¢

-|le | X] = 0, because errors are independent of X.

Var(e | X) = o2, because errors are independent of X.

VatCely) = [ (¢-EleN® IX] Efi lx] IEL‘57
e =€)
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Statistics of the Error Model

Conditional Expectation

y=X W¥+¢

-|le | X] = 0, because errors are independent of X.

Var(e | X) = o2, because errors are independent of X.

T

|y | X] = X'wW*, the regression function.

L—

EL1- FrxTwtee )= ElxwtTH] & Flels)
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Statistics of the Error Model

Conditional Expectation

y=X W¥+¢

-|le | X] = 0, because errors are independent of X.

Var(e | X) = o2, because errors are independent of X.

T

—|y | X] = X'wW*, the regression function.

This is the target we’re aiming for!



Statistics of OLS

Using OLS to minimize empirical risk

y=X W¥+¢

Find f(X) := W'X that does well on training samples, minimizing empirical risk:

A A l «~— A 1
R(f) == ) (f(x) — y)* = —|IX% — ]|’
n 1 n

Obtain the least squares estimator the same way:

w=X"X)"X'y.
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Statistics of OLS

Using OLS to minimize empirical risk

y=X W¥+¢

Obtain the least squares estimator the same way:

w=X"X)"XTy.

This w € R4 js a random vector now!

If we condition on X € | ”Xd, we can get statistics on this random vector:




Statistics of OLS /
Expectation E[ 1x )= E[CX X)X | X]
= F LT YT (Xw*E) lx]

— x'w* 8% T CE
y=xX'wt+e = FLMW YY"+ & 3
tain the least squares estimator the same way: TR (xS T)TE |XP]

_ (XX IXTy, TETe ) < EM’]

. /‘i) ™ ECEIK)_O

IS a random vector how!

This w € |

Xd \we can get statistics on this random ‘\fCtOF:

If we condition on X € |

xpectation: E[w | X] = w* S 5 adee. Pran X
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Statistics of OLS XY= VAVT

Variance C

Obtain the least squares estimator the same way:

w=X"X)"XTy.

This w € R%is a random vector now!

If we condition on X € R"™“, we can get statistics on this random vector:
AR ARSY]
EXpeCtation _[W ‘ X] — W* CO\IO.J\M\I‘CL

Variance: Var[w | X] = (XTX) (ch) b;
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Statistics of OLS

Intuition

y=X'w¥+¢

10

Obtain the least squares estimator the same way:
w=X"X)"X'y. 5
This W € R< is a random vector now!

Iif we condition on X € R™4 we can get
statistics on this random vector:

Expectation: E[w | X] = w*.

-10

Variance: Var[w | X] = (X'X) " l62.



Statistics of OLS

Intuition

y=X'w¥+¢

Obtain the least squares estimator the same way:
w=X"X)"X'y. 2

This w € R? is a random vector now!

Iif we condition on X € R™4 we can get
statistics on this random vector:

Expectation: E[w | X] = w*. i .,

Variance: Var[w | X] = (X'X) " l62.


https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html

Statistics of OLS -
Theorem QM’O
Theorem (Statistical properties of OLS). Let IPX,y be a joint distribution | 4 % R defined by
the error model:
y=X'w¥*+e¢,
where w* € R and € is a random vari with E[e¢] = 0 and Var(e) = o7, independent of X.

nXxd

Suppose we construct a random matri{ X £ | and random vector y € R" by drawing n
random examples (X;, y;) from Py .. Then, the OLS estimator w = (X"X) X"y has the
following statistical properties:

Expectation: E[w | X] = w*.

Variance: Var[w | X] = (X'X) 62
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Recap



Lesson Overview

Probability Spaces. We’'ll review the basic axioms and components of probability:
sample space, events, and probablility measures. This allows us to ditch these notions
and introduce random variables.

Random variables. Review of the definition of a random variable, its distribution/law, its
PDF/PMF/CDF, and joint distributions of several RVs.

Expectation, variance, and covariance. Review of these basic summary statistics of
random variables and common properties.

Random vectors. Introduce the idea of a random vector, which is just a list of multiple
random variables. Discuss generalizations of expectation and variance to random
vectors.

Data as random, statistical model of ML. Introduce the statistical model of ML and the
random error model. Introduce modeling assumptions. State and prove basic statistical
properties of the OLS estimator.



Lesson Overview
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https://samuel-deng.github.io/math4ml_su24/assets/figs/regression_noise.html

Lesson Overview

Big Picture: Gradient Descent

x1

m—x1-gXs we—xD_gxjs = f(x1, x2)-axis ==@=m descent @ start

2
15
\
05
Z 0
=
-~ 0 5
A
AD
2
AP
A
o
Q
x1
o?
A

— X 1-axis e xD_gxjs wem f(x]1 6 x2)-axis ==@wm descent

. start

4

X2
\QS


https://samuel-deng.github.io/math4ml_su24/assets/figs/3.2/gd1_etasmall.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/nonconvex3d.html
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