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Lesson Overview

Motivation for differential calculus. We ultimately want to solve optimization problems, which require finding
global minima.

Single-variable differentiation review. In single-variable differentiation, the is stilla 1 X 1 “matrix”
mapping change in input to change in output.

Multivariable differentiation. Derivatives in multiple variables become harder because we can approach
from an infinite number of directions, not just two.

Total, directional, and partial derivatives. When a function is it has a (itis

). In this case, the and comes directly from the total
derivative (Jacobian/gradient).

OLS: Optimization Perspective. We can solve OLS using differential calculus instead of linear algebra. We
orovide a heuristic derivation of the OLS estimator again.
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Big Picture: Least Squares



https://samuel-deng.github.io/math4ml_su25/assets/figs/psd_ls.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html
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Lesson Overview
Big Picture: Gradient Descent
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A Motivation tor Calculus
Optimization



Motivation

Optimization in calculus

In much of machine learning, we design algorithms tor well-defined optimization problems.

In an optimization problem, we want to minimize an f: R? > R with respect
to a set of constraints € C R%:

minimize f(x)
X

subjectto x € €



Motivation

Optimization in single-variable calculus

In much of machine learning, we design algorithms tor well-defined optimization problems.

In an optimization problem, we want to minimize an f: R? > R with respect
to a set of constraints € C R%:

minimize f(x)
X

subjectto x € €

How do we know how to do this from single-variable calculus?



Motivation

Optimization in single-variable calculus

| .
C ® |ocal min
|

@ global min
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Motivation

Optimization in single-variable calculus

C ® local min
Ultimate goal: Find the global 4 o
minimum of functions.
Intermediary goal: Find the local .
.« . -~ >
minima.
|
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Single-variable Differentiation
Review of (some) single-variable calculus
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Difference quotient



Single-variable Difterentiation

Difference quotient

Forf: R — R, the computes the slope between two points x and x + 6:



Single-variable Difterentiation

Difference quotient

Forf: R — R, the computes the slope between two points x and x + 6:
8y _ fa+8) —f)
5x 5
_e-—-——89


Deng, Samuel

Deng, Samuel


Single-variable Difterentiation

Difference quotient

Forf: R — R, the computes the slope between two points x and x + 6:

oy fx+0) — f(x)
ox )




Single-variable Difterentiation

Difference quotient

Forf: R — R, the computes the slope between two points x and x + 6:

oy fx+0) — f(x)
ox )




Single-variable Difterentiation

Difference quotient

Forf: R — R, the computes the slope between two points x and x + 6:
8y _ fa+8) —f)
5x 5

o will denote “change in the inputs.” For any two points x,y € R, we can write 6 =y — x.



Single-variable Difterentiation

Difference quotient

Forf: R — R, the computes the slope between two points x and x + 6:
8y _ fa+8) —f)
5x 5

o will denote “change in the inputs.” For any two points x,y € R, we can write 6 =y — x.

For a linear function, this is the slope everywhere.



Single-variable Difterentiation

Difference quotient

Example. f(x) = — 2x

Example. f(x) =x>-2x+1 — S+  foxes) - 0o

-

S S z )
= C.“'CS')Z-— 2(x«®) £\ ~ (K — 2x £\
25x £ § — 28 S

AN :Z’czgxkng- 2k —22% " % 2=
2948 -2 = = S ianlialiass


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Single-variable Difterentiation

fTR->R
J(x),

oy _ fx +0) — f(x)
ox )

| f(xg + 0)
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Single-variable Difterentiation

Definition of the derivative

Forf: R —» R, the of fat the point x is the value
df . ox . f(x+6)—flx)
— = |lim— = lim ]
dx 0—0 5)? 0—0 0

if the limit exists.



Single-variable Difterentiation

Definition of the derivative

Forf: R —» R, the of fat the point x is the value
df . x fr+ ) - f)
— = |lim— = lim ]
dx 0—0 5}7 0—0 0

if the limit exists.

We will assume functions are everywhere differentiable (not always the case, e.g. f(x) = \x f).
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Single-variable Difterentiation ot

/5
Definition of the derivative N A
Forf: R —» R, the of f at the pointXis the value
af | dn R A
— = lim— = lim ,
dx 0—0 6}7 0—0 0

if the limit exists.

We will assume functions are everywhere differentiable (not always the case, e.g. f(x) = [x[ ).

We will also denote this as f'(x) or Vf(x).


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


ey = «°

Single-variable Differentiation =~ &= 2~ o b
Definition of the derivative vaﬂ
S uad
Forf: R —» R, the of fat the point x is the value
df .ox . f(x+0)—flx)
— = |lim— = lim ]
dx 0—0 5)? 0—0 0

if the limit exists.

We will assume functions are everywhere differentiable (not always the case, e.g. f(x) = x ).

We will also denote this as f'(x) or Vf(x).

Important: The derivative is defined at a point!
‘_/,’—_\


Deng, Samuel

Deng, Samuel


Single-variable Difterentiation

Definition of the derivative

Example. f(x) = — 2x

Example. f(x) = x* = 2x + 1 ¢
—_ 1
— = Zx ¥ §- 2
S 0
“M 8_{ — XAk ~ >~ 2)
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Single-variable Difterentiation
fR->R

Jx),
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Single-variable Differentiatio on” L o 408
fR->R WCSL”') (¥

/tor all x that a?”‘(”to X' f(x)A

Get used to thinkin

&
o — | V) — xp) R f(x) — f(xp)
A A \ VAV

The "target point” can be written x = x; + 0.



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN
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V(xp)o = fxy + 0) — f(xp)

—’_/-a



Deng, Samuel

Deng, Samuel

Deng, Samuel


Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = fxy + 0) — f(xp)




Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = fxy + 0) — f(xp)




Single-variable Differentiation  lm <! 7= - gt

. =20 8
f. =R @’[)Lo < ;@ Co) X vgc‘/o)
Get used to thinking, for all x that are “close” to xj: CON C¥o5x8) 22 7 RO § + \ZL-F,,)

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = fxy + 0) — f(xp)



Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = fxy + 0) — f(xp)




Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = fxy + 0) — f(xp)




Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.
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Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = f(xy + 0) — f(xp)
N
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Single-variable Difterentiation
fR->R

Get used to thinking, for all x that are “close” to xj: {CIN

V(xg)(x — xp) = f(x) — fxp)

The "target point” can be written x = x; + 0.

V(xp)o = f(xy + 0) — f(xp)




Single-variable Difterentiation

Review: basic derivative rules

Product rule: V(f(x)g(x)) = g(x) Vf(x) + f(x) V g(x)

J(x) ) _ 8W0) Vi) —f(x) Vg(x)
g(x) g(x)>

Sum rule: V(f(x) + g(x)) = Vf(x) + Vg(x)

Quotient rule: V <

Chain rule: V(g(f(x)) = V(g o f)(x) = Vg(f(x)) Vf(x)



Linearity

Review from linear algebra

is the central property in linear algebra. Cooking is typically linear.

Bacon, egg, cheese (on roll)  Bacon, egg, cheese (on bagel) Lox sandwich

1 egg 1 egg 0 egg

1 slice of cheese 1 slice of cheese 0 slice of cheese
1 slice bacon 1 slice bacon 0 slice bacon

1 Kaiser roll 0 Kaiser roll 0 Kaiser roll

0 cream cheese 0 cream cheese 1 cream cheese
0 slices of lox 0 slices of lox 2 slices of lox

0 bagel 1 bagel 1 bagel



Linearity

Review from linear algebra

is the central property in linear algebra.

A function (“transformation”) T : RY —» R" is it T satisties these two properties for any two
vectors a,b € R¥:

T(a+b)=T(@)+ T(b)

T(ca) = cT(a) for any c € R.



Single-variable Difterentiation

Linearity and differentiation

T(x) B ¥ s % €

X ey x - 2,

Recall: T(x + y) = T(x) + T(y) and T(cx) = cT(x).

Derivative exploits the fact that, on small scales, things behave linearly!
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Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.

We like linear transformations!

7;: change in X — change in y
0

VX (x — xp) (R f(x) — f(xp)
.__Xu, ’ XO.-"\L TCCS): C_V(Ua)g

T( 5, 'E'Sz) = V\lc’{o) gl 3

» | Tr8) = VEE)S Vh £,
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Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.

We like linear transformations!

T : change in X — change in y

V(xg)(x — xp) = f(x) — f(x0)
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Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.

We like linear transformations!

T : change in X — change in y

V(xg)(x — xp) = f(x) — f(x)



Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.

T : change 1n X — change in y

V(xg)(x — xp) = fx) — fxp)



Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.
T : change 1n X — change in y

Vxg)(x — xp) = f(x) — f(x,) ) = 2K

Consider the function f(x) = x*. The derivative of fat x = lis Vf(1) =2.

S —————————
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Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.
T : change 1n X — change in y
VI(x)(x — xp) = f(x) = f(xp)
Consider the function f(x) = x%. The derivative of fatx = 1 is VA1) = 2.

The derivative is nothing more than a 1 X 1 matrix in single-variable differentiation: Vf(1) = [2].



Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.

T (5= 28 |

Vxp)(x — x) = f(x) — f(x,) \
/é

Consider the function f(x) = x*. The derivative of fatx = 1 is V(1) = 2.

T : change 1n X — change in y

The derivative is nothing more than a 1 X 1 matrix in single-variable differentiation: Vf(1) = [2].
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Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.
T : change 1n X — change in y
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Single-variable Difterentiation

Linearity and differentiation o)

Consider the function f(x) = x°.

The derivative of fatx =1is V(1) = 2.

f(z)




Single-variable Difterentiation

Linearity and differentiation
f(z) = 2*

—&— approx. change b/w 1 and 2

Let f(x) = x°. Derivative of fatx = 1is VA1) = 2.

VADR -1 =[212-1)=2~

[ [ . — -
change in f between 1 and 2

= YLCL\-—{;CO = -\ = 3

f(z)

\
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Single-variable Difterentiation

Linearity and differentiation

Let f(x) = x°. Derivative of fatx = 1is VA1) = 2.
VIDEZ-1D)=[12]2-1)=2%

change in f between 1 and 2

f(z)

VADS-1D=[2](15-1) = 1
I S U
change in f between 1 and 1.5

f(z) = 2’

/

$C1.S)- $1=2.25-1\
:\.‘Z
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Single-variable Difterentiation

Linearity and differentiation o) ="

Let f(x) = x*. Derivative of fatx = 1is VA1) = 2.
VIHEZ2 -1 =[2]2-1)=2~

change in f between 1 and 2

f(z)

VADAS-1D=R]15-1)=1x

change in fbetween 1 and 1.5

VADA.1-1D=[2]1.1-1)=02~ o2\

change in fbetween 1 and 1.1

fo) = 121 fCo= |


Deng, Samuel

Deng, Samuel


Single-variable Difterentiation

Linearity and differentiation

The derivative is a linear transformation that maps changes in x to changes in y.

T : change in X — change in y

V(xg)(x — xo) = f(x) — f(x)

The derivative is nothing more than a 1 X 1 matrix in single-variable differentiation.



Multivariable Difterentiation
Review of multivariable notions of derivative



Multivariable Differentiation

Scalar-valued vs. vector-valued functions
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Multivariable Differentiation

Scalar-valued vs. vector-valued functions

f:RY > Risa multivariable function

f:RY - R"is a multivariable function.

i(xy) = (f;(Xp), ---,[,(Xp)) -

But f is just made up of n scalar-valued functions.

Upshot: Just treat vector-valued functions as a collection of n scalar-valued functions, and deal
with each coordinate individually.



Multivariable Differentiation

Big picture: total, partial, and directional derivatives.

The (or just derivative) of f at X, is a linear transformation Df(x,) : RY — R
The of fat X is the vector Vf(x,) € R? and derivative of scalar-valued f: R? — R.
—_———
The of f at X is the matrix Vf(x,) € R™“ and derivative of vector-valued f : RY - R".
he of f at X, in the direction v € R s the derivative applied to v:

V 1(x)) Vv ,via matrix-vector multiplication.

nxd dx1

The of f at X, is the directional derivative in the unit basis direction e, € R
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Multivariable Differentiation

Difference from single-variable differentiation
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Difference from single-variable differentiation

Why is multivariable differentiation harder to pin down than single-variable differentiation?


Deng, Samuel


Multivariable Differentiation

Difference from single-variable differentiation
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In R, there are only two directions from which we can approach x, (on a standard Cartesian
plane, the “left” and the “right”).
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Multivariable Differentiation

Difference from single-variable differentiation

Why is multivariable differentiation harder to pin down than single-variable differentiation?

In R, there are only two directions from which we can approach x, (on a standard Cartesian
plane, the “left” and the “right”).

X

In R¥ we can approach X, from infinitely many directions!
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f(z)

Multivariable Differentiation

Approach directions

I

K —



https://samuel-deng.github.io/math4ml_su25/assets/figs/localglobal3d.html

Multivariable Differentiation

Approach directions
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Directional and partial derivatives



Multivariable Differentiation

Directional and partial derivatives

W=\
For f: R - R¥and point x,...

The is change in f approaching x,, direction defined by vector v € R<.

The is change in f when approaching x, from standard basis direction e..

%%)
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Multivariable Differentiation

Directional and partial derivatives

Forf: R?Y - R" and point x,...

The is change in f approaching x,, direction defined by vector v € R<.
The is change in f when approaching x, from standard basis direction e..
X2
62—’ ‘TXO
€
X




Multivariable Differentiation

Directional and partial derivatives

Forf: R?Y - R" and point x,...

The is change in f approaching x,, direction defined by vector v € R<.
The is change in f when approaching x, from standard basis direction e..
X2
(32_> ‘TXO
€
X




Multivariable Differentiation

Directional derivative

Letf: R?Y > R" be a function. The of f at X, in the direction v € R%is

lim :
0—0 O
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Multivariable Differentiation

Directional derivative

Letf: R?Y > R" be a function. The of f at X, in the direction v € R%is
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Multivariable Differentiation

Directional derivative

Let f: RY - R” be a function. The

of f at X, in the direction v € R%is

lim
0—0 O

f(xy+ ov) — f(x) C F“

%%
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Multivariable Differentiation

Partial derivative

The of f at X, is the directional derivative in the standard basis direction e;:

f J—t
lim 1% + de) — 1)
0—0 O
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Multivariable Differentiation

Partial derivative

The of f at X, is the directional derivative in the standard basis direction e;:

lim :
0—0 O



Multivariable Differentiation

Partial derivative

The of f at X, is the directional derivative in the standard basis direction e;:

lim :
0—( O




Multivariable Differentiation

Partial derivative

The of f at X, is the directional derivative in the standard basis direction e;:
lim .
0—0 %)
A2 A2
20 20
O ®




Multivariable Differentiation

Partial derivative

The of f at X, is the directional derivative in the standard basis direction e;:
lim .
0—0 %)
A2 A2 A2
X0 20 X0
O ®
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Multivariable Differentiation

Partial derivative

The of f at Xy can also be written:
. f(XO -+ 561) —_ f(XO) . f(xO,l, e s o xO,i 5, . .xO,d) — f(x(),l, e o xO’i, e oo XO,d)
—1(xy) := lim = lim
OX; 5—0 o) 5—0 o)

Mechanically: take the derivative of variable x; while keeping all the others constant.



Multivariable Differentiation
Example: f(x,y) = x° + x%y + y?

Example. Compute the formula for partial derivatives of f: R* = R defined by

fx,y) = x° + x%y + y*-.

What are the partial derivatives at (1,2)?
czv-> [ 7 S][l')f;\fﬂ

(L) = [+ 24K = %'7(2 24\
$C2,2)= g+ ¥ (=
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Multivariable Differentiation
Example fx,y) = x>+ x%y + y?



https://samuel-deng.github.io/math4ml_su25/assets/figs/partial1.html
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Multivariable Differentiation

Examples

Example. Compute the partial derivatives of f : R? = R? defined by

fx,y) = (x*y, cos y).

What are the partial derivatives at (1,2)?
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Multivariable Differentiation
Total derivatives



Multivariable Differentiation
>ca oy - \/m\V‘“”

Jacobian and gradient idea l —

The is the vector in R? that contains the partial derivatives of f: R? @s each entry.

The n X d matrix that contains the partial derivatives of f : RY - R”, collected
column-by-column.  <__

S R
(

( T
-—.V@v[ -

Viewing f as a collection of n tunctions f = (f;, ..., f,), the Jacobian is also what we get by
"stacking” all the gradients top-to-bottom in a matrix.
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Multivariable Differentiation
Gradient

Letf: RY > R. The of fat x, is the vector Vf(x,) € R composed of all the partial
derivatives of f at X:

if (X0)

ox 1

VAXp) = :
if (Xp)

ox)
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Multivariable Differentiation

Gradient
oo o “0“7“"-
Example. What's a formula for the gradient of f(x, y) = x° + x°y + y*? —_— [
J 20" % 2
BJ} = 32X 4 X ¥ i 7
D* T e = | 1%k 2
ot _ XZ-"(' 27

&

—

What's the gradient at (x,y) = (1,1)? 01

v el
| €
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TS
Multivariable Differentiation NAI \3’)

Example: f(x,y) = x* + x%y + y?
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Multivariable Differentiation

Jacobian

Let £: R? = RPbe a function £(X) = (£,(X), ..., f,(X)).

The of f at X, is the n X d matrix composed of all the partial derivatives ot f at x:
LX) e 2 i) T
ox, J1%0) - 51 R0 — Vfi(x)' -
VI(x,) = : : = | : : :
T aixlﬁl(x()) aixdfn(xo) < V&) -
@D\A B d\w/A
> \pem‘/
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Multivariable Differentiation

Jacobian £ R —‘?D

Example. What's the formu\a for the Jacobian of f(x,y) = (x?y, cos

{—( (%, M) = S - 74 CrH) < (Z¥y X< ) ég
@-z (*Aﬁ{) = WS‘{ V‘g C‘H‘ﬁ) ( O, ——'Q\ﬂ*j> = ‘é?
294 K
)[o —~SIAT

What's the Jacobian at (x,y) = (x, 7)? )
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Multivariable Differentiation

Total Derivative (Idea)
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Multivariable Differentiation

Total Derivative (Idea)

The is the linear transtormation that "best approximates” the local change in{
at a point X,,.

The total derivative takes “change in X" and outputs “change in y."

In 1D, recall:

T : change in X — change in y

V(xp)(x = xp) =~ f(x) — f(x)
. )

(e

Prnchio)
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Multivariable Differentiation wm (¥ £~ F5

= SV ¥
Total Derivative (Definition) >>0° > S
o v Poksxe) —#04,) — LS
% Do — = O
Let f: R?Y - R" be a function and let x, € R be a point. s
It there exists a linear transformation Df; RY — R" such that o Xy 8

| o S
lim — ((f(x +5)—f(x0)) Df, (5)) —

s~ I3 NN 5 °
CWamse_ (A { Lin. PO L. Xs
thentis at X, and has the unique Df, .

Approaching X, from any direction 5, the change f(x, + 5) — 1(xy) is approximated by DA, .

. QG/*‘\ D ‘ = =
\\m %C’I‘ \ VVH" \PW \/


Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel

Deng, Samuel


Multivariable Differentiation

Total Derivative (Definition)

Let f: R?Y - R" be a function and let x, € R be a point.

f there exists a linear transformation Df. : R? — R” such that
X0

lim ! ((f(xo +35) — f(xo)> _ DfXO(Zs’)> _ 0.
-0 |0

thentis at X, and has the unique Dt

X0°

Approaching X, from any direction 5, the change (X, + 5) — 1(xy) is approximated by DA, .



Multivariable Differentiation

Total Derivative (Definition)

Let f: R?Y - R" be a function and let x, € R be a point.

f there exists a linear transformation Df. : R? — R” such that
X0

lim ! ((f(xo +35)— f(xo)) _ DfXO(Zs’)> _ 0.
-0 |0

thentis at X, and has the unique Dt

X0°

Approaching X, from any direction 5, the change (X, + 5) — 1(xy) is approximated by DA, .



Multivariable Differentiation

Total Derivative (Definition)

lim ! ((f(xo +35)— f(xo)) _ DfXO(S’)> _ 0.
-0 |0

Approaching X, from any direction 5, the change (X, + 5) — 1(xy) is approximated by DA .

%%) %%) %%)

® X, + 0




Multivariable Differentiation

Total Derivative (Definition)



https://samuel-deng.github.io/math4ml_su25/assets/figs/running_example_circlexy.html

Multivariable Differentiation

Total Derivative

Good news: in many cases, we don't have to deal with the clunky expression

lim — ((f(xo +5) - f(xo)) _ DfXO(Zs’)) — 0,
=0 |[4]

because we can replace Df; by the Jacobian/gradient for all “nice” functions (the functions we
usually care about)!

he "nice” functions is the class of functions.



Multivariable Differentiation
Smoothness and consequences



Multivariable Differentiation

Smoothness

A functionf: R?Y - R"is it all partial derivatives of f exist and are
partial gerivatives of 1 exist

continuous. These are the €! functions, and the collection of all such functions are the class €.

Generally: 67 for some p > 1 are the functions.


Deng, Samuel

Deng, Samuel


Multivariable Differentiation

Smoothness

Theorem (Sufficient criterion for differentiability). If I : R —» R"is a €' function, then fis
differentiable, and its total derivative is equal to its Jacobian matrix.

Theorem (Sufficient criterion for differentiability). If £ : RY > R is a €' function, then fis
differentiable, and its total derivative is equal to its gradient.



Multivariable Differentiation

Directional derivatives from total derivative

Theorem (Computing directional derivatives). If f : R — R" is differentiable with Jacobian

matrix VI(X,) €

Rnxd

, the directional derivative of f at X, in the direction v €

matrix-vector product:

VE(x) v .

n;(d dx1

R4 is given by the

Matrix-vector multiplication is the same as applying a linear transformation.



Multivariable Differentiation

Directional derivatives from total derivative

Theorem (Computing directional derivatives). If f: RY — R is differentiable with gradient
Vf(x,), the directional derivative of fat x, in the direction v € R is given by the inner product:
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Multivariable Differentiation

Gradient as direction of steepest ascent

Theorem (Gradient and direction of steepest ascent). Let f: R? - R be differentiable at
X, € R% If v € R%is a unit vector making angle 6 with the gradient V£(x,), then:

Wi =l
Vf(xy)'v = [[VAXy)|l cos .

Gradient is the direction of steepest ascent at the rate || Vf(Xy)||!


Deng, Samuel


Multivariable Differentiation



https://samuel-deng.github.io/math4ml_su25/assets/figs/partial2.html

Multivariable Differentiation

Big picture: how do all these objects connect?
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The is a linear transtormation that maps “changes in inputs” to “changes in
outputs.”
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Multivariable Differentiation

Big picture: how do all these objects connect?
The is a linear transtormation that maps “changes in inputs” to “changes in
outputs.”

When we apply a total derivative to a vector, think of mapping the “change” represented by that
vector to a “change” in output space.



20 e

Multivariable Differentiation 3
Big picture: how do all these objects connect? G, =
(fo)
34
The is a linear transtormation that maps “changes in inputs” to “changes in
outputs.”

When we apply a total derivative to a vector, think of mapping the “change” represented by that
vector to a “change” in output space.

The tells us how our function changes in each basis vector direction. The
tells us change in any direction.

> =
f/ z \,(6( + \[2 €Z+ “.‘(’ \[dgd .
= T
T = Ty, & ..+ Y TH4Cr.) €4

S
—

— 2 F) d€Ge)
\/\ a$‘ +-+ \[Ol’m
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Multivariable Differentiation

Big picture: how do all these objects connect?

The is a linear transtormation that maps “changes in inputs” to “changes in
outputs.”

When we apply a total derivative to a vector, think of mapping the “change” represented by that
vector to a “change” in output space.

The tells us how our function changes in each basis vector direction. The
tells us change in any direction.

For all the “smooth” functions we care about, the total derivative is
given by the matrix (the for scalar-valued functions).



Multivariable Differentiation

Big picture: how do all these objects connect?

The is a linear transtormation that maps “changes in inputs” to “changes in
outputs.”

When we apply a total derivative to a vector, think of mapping the “change” represented by that
vector to a “change” in output space.

The tells us how our function changes in each basis vector direction. The
tells us change in any direction.

For all the “smooth” functions we care about, the total derivative is
given by the matrix (the for scalar-valued functions).

Applying the Jacobian/gradient to a vector is the same as matrix-vector multiplication!



Multivariable Differentiation

Big picture: how do all these objects connect?

&' function = total derivative is the Jacobian/gradient

—> all directional/partial derivatives from matrix-vector product!

V{(x,)v for Jacobian (f : RY — R")

Vf(XO)TV for gradient (f: RY - R)



Multivariable Differentiation



https://samuel-deng.github.io/math4ml_su25/assets/figs/partial1.html

Multivariable Difterentiation
The Hessian and the “Second Derivative”



Multivariable Differentiation: Hessian

Hessian matrix

The is the “second derivative” for scalar-valued multivariable functions f: RY - R.

't is a matrix. For really smooth functions, it is symmetric.

The Hessian contains the local “second-order” information, or\curvature of the function] It

describes how "bowl-shaped” the function is around a point.
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Multivariable Differentiation: Hessian

Hessian matrix

The is the “second derivative” for scalar-valued multivariable functions f: RY — R.
't is a matrix. For really smooth functions, it is symmetric.

The Hessian contains the local “second-order” information, or curvature of the function. It
describes how "bowl-shaped” the function is around a point.



Multivariable Differentiation: Hessian

Hessian matrix for f: R* - R

The matrix for f: R? = R is the 2 X 2 matrix of all second-order partial derivatives:
o*f o°f
0x? 0X10X
V2f(x,) = 1
o= o
0X,0X 322
f . . .
) s the second partial derivative of f with respect to x..
X :
l

0°f

8)610)6]-

is the partial derivative from differentiating w.r.t. x; first and then differentiating w.r.t. x;.



Multivariable Differentiation: Hessian

Hessian matrix for f: R - R

The matrix for f: R = R is the d X d matrix of all second-order partial derivatives.



Multivariable Differentiation: Hessian
Equality of mixed partials



Multivariable Differentiation: Hessian
Equality of mixed partials

Theorem (Equality of mixed partials). If f: RY — R is a twice continuously differentiable
function (i.e., in class €?), then, for all pairs (i, J):
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function (i.e., in class €?), then, for all pairs (i, J):

of  of

axian B a.x]'axi ‘
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Multivariable Differentiation: Hessian
Equality of mixed partials

Theorem (Equality of mixed partials). If f: RY — R is a twice continuously differentiable
function (i.e., in class €?), then, for all pairs (i, J):

of  of

axian B a.x]'axi ‘

This means that for € functions, the Hessian is a symmetric matrix.



Multivariable Differentiation: Hessian ¢ 2°

o 3T
Equality of mixed partials 24 Na
I 3% JY*®

Theorem (Equality of mixed partials). If f: RY — R is a twice continuously differentiable
function (i.e., in class €?), then, for all pairs (i, J):

of  of

axian B Oxjaxi ‘

This means that for € functions, the Hessian is a symmetric matrix.

©? the class of functions, is the collection of all functions
whose second-order partial derivatives all exist and are continuous.
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Multivariable Differentiation
Wrap-up example

Consider the function f : R?* - R? given by

f(x,y) := (%x?’y 2x%y? xy).
s f smooth (i.e. in €')?

How about €2?

What does that tell us?



Multivariable Differentiation
Wrap-up example

Consider the function f : R?* - R? given by
f(x,y) := (%x?’y 2x%y? xy).

What's the formula for the Jacobian of {7

1
What's the formula for the gradient of f;(x,y) = 5x3y?

What is the Jacobian/gradient at x, = (1,2)?



Multivariable Differentiation

Wrap-up example

Consider the function f : R?* - R? given by
f(x,y) := (%x?’y 2x%y? xy).

What's the total derivative of f at x, = (1,0)?



Multivariable Differentiation

Wrap-up example

Consider the function f : R?* - R? given by
f(x,y) := (%x?’y 2x%y? xy).
What's the directional derivative of f at X, in the direction v = (1,1)?

How about in the direction e,?



Multivariable Differentiation
Common Derivative Rules



Multivariable Differentiation

Basic derivative rules

Same as single-variable differentiation rules, but we need to “type-check” dimensions.

Let ~ be the difterentiation “operator.”
X

—/\

Derivatives of f : RY - R” from reasoning about each scalar-valued fi, ..., f,.
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Multivariable Differentiation

Sum Rule

Forf: R > Rand g : RY - R:

0 _of  0g
g(f(X)+g(X))— ~ T o



Multivariable Differentiation
Product Rule

Forf: R > Rand g : RY - R:

i(()())—a—f(H()a—g
0X USYS _()ng Jx 9).



Multivariable Differentiation
Chain Rule

Forf: RY > Rand g: R — R:

gaf £ f

2 (gop)®) =)y = BY
(3Xg _()Xg 3 _(3fc)x
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Multivariable Differentiation

Example of chain rule
Example. Let g : R — R be defined as g(y;,y,) = y12 +2y,. Let f : R* = R” be defined as
f(x), ;) == (sin(x) + cos(xy) x.%3).

We can also write this as:

g(t(x)) = (g ° D)(x},x,) = (sin(xy) + COS(xz))2 + 2(3613623 )

dget),
ox

What is




Multivariable Differentiation
(?(f(x)) = (g o )(x},x,) = (sin(x)) + cos(x,))* + 2(x;x;)



https://samuel-deng.github.io/math4ml_su25/assets/figs/partial3.html

“"Matrix Calculus”

Useful identities in machine learning ([i - aTF
T
B ox a — a a Ca-(->>
/_: ow aX D—i )(
bi 0a'x
= a
).
0AX y
ox 2 { Z 2N
Ox_Ax = (A+Ahx o = (1% ) X
X

More In


https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf
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“"Matrix Calculus”

Example
L
A’y «
Wh = a7 *F)
) 0X K’ C
0 T
Why do we get a % "tor free?”

9).¢
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| east Squares
Optimization Perspective



Regression
Setup (Example View)

Observed: Matrix of training samples X € R™? and vector of training labels y € R".

‘_XlT_’ Y1

X = : y=|: ,Wherexl,...,anIRd.
T
n

«— X - In

Unknown: Weight vector w € R? with weights wy, ..., w,,

T

Goal: Foreachi € [n], we predict: y. = w' X, =wx;; + ... + wix, € R.

Choose a weight vector that “fits the training data”: w € R? such that y, ~ $; fori € [n], or:

Xw=y~rYy.



Regression
Setup (Feature View)

Observed: Matrix of training samples X € R™“ and vector of training labels y € R".

) ) Y1
X=X ... Xy y=1: |, wherex,,...,x, € R".
i} ! Vn

Unknown: Weight vector w € RY with weights wy, ..., w,.
Choose a weight vector that “fits the training data”: w € R such that y; x~ 9, fori € [n], or:

XwW=yRrRY.



Regression
Setup

To find w, we follow the principle of least squares.

N\

W = arg min || Xw — y||?
weR¢ \ l

This gives the predictions y € R” that are close in a e —
least squares sense:

§ = X such that [[§ — yII> < [I§ - yII -

(for § = Xw from any other w € R9).

] — ) y_/\y —Ny_/\y — -y o y (o) /\y (o] ~y


https://samuel-deng.github.io/math4ml_su25/story_ls/ls1_1.html

Least Squares
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R™? and
y € R". Let W € R be the least squares minimizer:

W = arg min || Xw — y||? : l
weR? Je

it n > d and rank(X) = d, then: Q

w=(X"X)"XTy. B T

To get predictionsy € R":

] — ) y_/\y —Ny_/\y — -y o y (o) /\y (o] ~y

¥ =Xw=XX"X)"X'y.


https://samuel-deng.github.io/math4ml_su25/story_ls/ls1_1.html

Least Squares &) = xw- 11
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R™? and
y € R". Let W € R be the least squares minimizer:

Va\

W = arg min || Xw — y||?
weR¢

(o LX)

It n > d and rank(X) = d, then:

w=X"X)"X'y.
To get predictionsy € R™: a

& W — Ty \— 1w T
y=Xw=XX"X)"'X"y. d?_z_


https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_ls.html
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Least Squares
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R™? and
y € R". Let W € R be the least squares minimizer:

Va\

W = arg min || Xw — y||?
weR¢

(¢ RA%

It n > d and rank(X) = d, then:
w=X"X)"X'y.
To get predictionsy € R™: a

¥ =Xw=XX"X)"X'y.



https://samuel-deng.github.io/math4ml_su25/assets/figs/psd_ls.html

Least Squares

Optimization Problem
Let X € R™¥ andy € R". Let w € R? be the least squares minimizer:

W = arg min || Xw — y||?
weR¢

What if we consider this as an optimization problem instead?
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Least Squares

Optimization Problem

Let X € R™¥ andy € R". Let w € R? be the least squares minimizer:

A\

W = arg min || Xw — y||?
weR¢

What if we consider this as an optimization problem instead?



Least Squares

Optimization Problem

Let X € R™¥ andy € R". Let w € R? be the least squares minimizer:

A\

W = arg min || Xw — y||?
weR¢

What if we consider this as an optimization problem instead?

f:RY> R
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Motivation

Optimization in calculus

In much of machine learning, we design algorithms tor well-defined optimization problems.

In an optimization problem, we want to minimize an f: R? > R with respect
to a set of constraints € C R%:

minimize f(x)
X

subjectto x € €



Least Squares

Least Squares Objective

Before, we called this the or

f:RY> R

o) = IXw -yl |

\ -
This is also the objective function ot an optimization problem: the
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Least Squares
Least Squares Objective in R

fTR->R

/

fw) = I Xw—y|I* = fw) = |lwx—y|*
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Least Squares
Least Squares Objective in R

fw) = (w—3)* + (3 — w)’

Consider the datasetx = (1, — 1) andy = (3, — 3),
wheren=2 d = 1.

fow) = [lwx -y
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Least Squares

Least Squares Objective in R”

f:R* >R

fiw) = | Xw — y||?



Least Squares

Least Squares Objective in R”

Consider the dataset X = [(1) (1)] andy = [
wheren=2,d = 2.

fiw) = | Xw —y]||*

g
1

|

(Zx' LX)



https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_ls.html
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Least Squares

Least Squares Objective in R”

. 1 O —1
Consider the dataset X = =
onsider the datase [O O] andy [1]
wheren=2,d = 2.

O

fiw) = || Xw —y]||*

(¢*

T



https://samuel-deng.github.io/math4ml_su25/assets/figs/psd_ls.html

Least Squares
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R™? and
y € R". Let W € R be the least squares minimizer:

Va\

W = arg min || Xw — y||?
weR¢

(¢ RA%

It n > d and rank(X) = d, then:
w=X"X)"X'y.
To get predictionsy € R™: a

¥ =Xw=XX"X)"X'y.



https://samuel-deng.github.io/math4ml_su25/assets/figs/psd_ls.html

Least Squares
OLS from Optimization

Theorem (Full rank and eigenvalues). Let A € R*“ be a square matrix with all real
eigenvalues 4, ..., 4, € R.

rank(A) =d < A, > Oforalli € [d].

NS CAD ={5? s dimCes ) = QA
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Least Squares

Review: How did we optimize in 1D?
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Least Squares

Review: How did we optimize in 1D?

Recall from single variable calculus: how did we optimize a tunction like:

fw) = 4w? — 4w 4 17
£'(wW)=gw- Y
0= gw <

F' (W) =@ =0
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Least Squares

Review: How did we optimize in 1D?

Recall from single variable calculus: how did we optimize a tunction like:

fw) = 4w? — 4w + 17



Least Squares

Review: How did we optimize in 1D?

Recall from single variable calculus: how did we optimize a tunction like:

fw) = 4w? — 4w + 17

First derivative test. Take derivative f(w) and set equal to 0 to find candidates for optima, w.



Least Squares

Review: How did we optimize in 1D?

Recall from single variable calculus: how did we optimize a tunction like:

fw) = 4w? — 4w + 17

First derivative test. Take derivative f(w) and set equal to 0 to find candidates for optima, w.

Second derivative test. Check f"(w) > 0 for minimum; check (W) < 0 for maximum.
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Least Squares (Calculus Proot)
Step 1: Expand the squared norm
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Quadratic Forms

Review

A function f: R* - Ris a it it is a polynomial with terms of all degree two:
f(x) = ax? + 2bxy + cy*.

We can rewrite this in matrix form:

<

a b| [xX
b c

flx,y) =[x )] [

f(x) =x'Ax



Least Squares

Step 2: Recognize quadratic form

Let X € R™“ and y € R". Consider the function f: R? - R,
fiw) = || Xw - y||*
Expand the squared norm:

fiw) =w' X' Xw—-2w X'y+vy'y
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Step 2: Recognize quadratic form

Let X € R™“ and y € R". Consider the function f: R? - R,
fiw) = [ Xw — y]|°.
Expand the squared norm:
fiw) =w' X' Xw —2w' X"y +y'y
This is a quadratic function, with the leading quadratic form:

w' X Xw CxTx)T = YK
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Positive Semidefinite (PSD) Matrlces

Review 7

A square matrix A € R4 s if...

there exists X € R™4 such that A = X' X.

!

all eigenvalues of A are nonnegative: 4; > 0,...

!

x'Ax > 0 for any x € R%.

A, >0.

Souave
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Least Squares

Step 2: Recognize quadratic form

Let X € R™“ and y € R". Consider the function f: R? - R,

fiw) = [ Xw —y||*.
Expand the squared norm:
fow) =w' X' Xw - 2w' X"y +y'y
This is a quadratic function, with the leading quadratic form:
w' X Xw

We know that this is positive semidefinite.



Least Squares

Step 2: Recognize quadratic form

Let X € R™?and y € R". Consider the function f: R? - R,

fiw) = [ Xw —y]|”.
Expand the squared norm:
fow) =w'X'Xw-2w' X"y +y'y
This is a quadratic function, with the leading quadratic form:
w' X Xw
Even better: rank(X) = d, so rank(X'X) = d and therefore A, ..., A; > 0 and X'X is positive definite!

\_/;_4
W uQWWP‘HM .
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“"Matrix Calculus”

Usetful identities in machine learning

More In

ox'a
= a
9).¢
oa'x
=
9).¢
0AX
= A
9).¢
ox ' AX -
=(A+A )X
X


https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf

Least Squares e 895 €

Step 3: Take first derivative (gradient) — Srmkﬂ\*“-—\fm\v’é-f)\

fw)=w'X'Xw-2w'X'y+y'y
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Least Squares
Step 3: Take first derivative (gradient)

f(w) = w' X' Xw — ZWTXTy + yTy

“First derivative test.” Take the gradient.
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Least Squares 3 _ 2w

—

Step 3: Take first derivative (gradient) 3\

fw)=w'X'Xw-2w'X'y+y'y
“First derivative test.” Take the gradient.
Vo fiw)=V_ (W' X'Xw) -V _2w'X"'y) + V_y'y (sum rule)

ox ' AX

V..(Ww'X'Xw) = 2(X'X)w because = (A+A"x
X
da'x
V..2w'Xy) = 2X"y because r = a
X
1 0
JNSY

N

— 2%
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Step 3: Take first derivative (gradient)

fw)=w'X'Xw-2w'X'y+y'y
“First derivative test.” Take the gradient.
Vo fiw)=V_ (W' X'Xw) -V _2w'X"'y) + V_y'y (sum rule)

ox'A
V..(Ww'X'Xw) = 2(X'X)w because T AT (A +AN)x

da'x
V..2w'X'y) = 2X"y because r = a
X
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Least Squares
OLS from Optimization

fw)=w'X'Xw-2w'X'y+y'y
“First derivative test.” Take the gradient.
V, fiw) =2X"X)w — 2Xy.
Set it equal to 0.
2X'X)w —2X'y =0 = X'Xw=X'y

We have again obtained the |

(o dre.  Sowe  waAd -

(W= (XM |
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Least Squares

Obtaining normal equations from linear algebra

Because y — y is perpendicular to CS(X), we
obtain the normal equations:

X'Xw=Xl'y.

-2 Q2

X' S-1) - 8 |
= XT(Aw-Y) =0


https://samuel-deng.github.io/math4ml_su25/story_ls/ls1_1.html
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Least Squares

Obtaining normal equations from optimization

Because the gradient is
Vy fw) = 2(X"X)w - 2Xy,

setting it equal to 0, we obtain the normal
equations:

(7%’ LX)

X'Xw=X"y.



https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_ls.html

Least Squares

Step 4: Solve the normal equations using PD matrix

fw)=w'X'Xw-2w'X'y+y'y
“First derivative test.” Take the gradient.
Vo fw) =2X"X)w — 2XTy.

Set it equal to 0.
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Least Squares
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Least Squares

Step 5: Take second derivative (Hessian)

Objective: iw) =w'X'Xw-2w' X'y +y'y
Gradient: V, f(w) = 2X'X)yw-2Xly. O
c-—

Candidate minimizer:\Ww = (X'X)"Xy.

|

"Second derivative test.” Take the Hessian of f(w).

“

VZ flw) = 2X'X.
rank(X) =d = rank(X'X)=d = 1, ey Ay >0

—> X'Xis positive definite!
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PSD and PD Quadratic Forms

"Proof by graph”

Aiveeisdy > 0 Aveeesdy> 0


https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_ls.html
https://samuel-deng.github.io/math4ml_su25/assets/figs/psd_ls.html

Least Squares

Showing w is the minimizer from linear algebra

By Pythagorean Theorem, any other vector
y € CS(X) gives a larger error:

1y —ylI> < |II¥ - ylI> |

— ] — )

y -y m——ly ——y-y @y O Ny @~y


https://samuel-deng.github.io/math4ml_su25/story_ls/ls1_1.html

Least Squares

Showing w is the minimizer from optimization

Because the Hessian of f(w) is

V2 flw) = 2X'X,

and we assumed rank(X) = d, the matrix X' X must 2
be positive definite, and f(w) therefore has a : >

"positive” second derivative (Hessian).

(gx V%



https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_ls.html

Least Squares
OLS Theorem

Theorem (Ordinary Least Squares). Let X € R™? and
y € R". Let W € R be the least squares minimizer:

Va\

W = arg min || Xw — y||?
weR¢

(o LX)

It n > d and rank(X) = d, then:
w=X"X)"X'y.
To get predictionsy € R™: a

¥ =Xw=XX"X)"X'y.



https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_ls.html

Gradient Descent
Preview of the Algorithm



Multivariable Differentiation

Gradient as direction of steepest ascent

Theorem (Gradient and direction of steepest ascent). Let f: R? - R be differentiable at
X, € R% If v € R%is a unit vector making angle 6 with the gradient V£(x,), then:

Vf(xo) v = || Vf(xp)ll cos 6.

A\

Gradient is the direction of steepest ascent at the rate || Vf(Xy)||!
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Gradient as direction of steepest ascent

Theorem (Gradient and direction of steepest ascent). Let f: R? - R be differentiable at
X, € R% If v € R%is a unit vector making angle 6 with the gradient V£(x,), then:
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Gradient Descent
Algorithm

Input: Function f: RY - R. Initial point X, € R4, Step size n € R.
Initialize at a randomly chosen x € R<.
For iteration t = 1,2,...(until "stopping condition” satisfied):

X — xt=D _ v F(xD)

Return final x.



f(z)

Gradient Descent

Preview

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

10

10

@ Joscent @ start


https://samuel-deng.github.io/math4ml_su25/assets/figs/nonconvex_surface_gd.html

Lesson Overview

Preview
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https://samuel-deng.github.io/math4ml_su25/assets/figs/pd_gd.html

Recap



Lesson Overview

Motivation for differential calculus. We ultimately want to solve optimization problems, which require finding
global minima.

Single-variable differentiation review. In single-variable differentiation, the is stilla 1 X 1 “matrix”
mapping change in input to change in output.

Multivariable differentiation. Derivatives in multiple variables become harder because we can approach
from an infinite number of directions, not just two.

Total, directional, and partial derivatives. When a function is it has a (itis

). In this case, the and comes directly from the total
derivative (Jacobian/gradient).

OLS: Optimization Perspective. We can solve OLS using differential calculus instead of linear algebra. We
orovide a heuristic derivation of the OLS estimator again.



Lesson Overview

Big Picture: Least Squares



https://samuel-deng.github.io/math4ml_su25/assets/figs/psd_ls.html
https://samuel-deng.github.io/math4ml_su24/assets/figs/pd_ls.html

Lesson Overview
Big Picture: Gradient Descent
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