Math for ML



Logistics & Announcements



Lesson Overview

Convexity. A property of sets and functions that affords us a lot of nice “linearity-like” properties.

Convex set. A convex is a set that has no holes. The line segment between any two points lies
completely in the set.

Convex function. A function that is bowl-shaped. Between any two points, the line segment is above
the function.

Convex optimization. Optimization problems with convex objectives and convex constraint sets. All
local optima are global optima.

Gradient descent for convex problems. GD on convex functions is guaranteed to find a global min.

Gradient descent for OLS. We unite the two stories of this class and analyze GD applied to OLS!



Lesson Overview

Big Picture: Least Squares
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Lesson Overview
Blg Picture: Gradient Descent
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Convex Optimization
Vlotivation



Motivation

Components of an optimization problem

minimize f(Xx)
xeR¢

subject to X € €

f:RY > Ris the € C R%is the
X* is an it

x* e ¢ and f(x*)<f(x), forallxe .
The is f(x*). Our goal is to find x* and f(x*).

Note: to maximize f(X), just minimize —f(x). So we'll only focus on minimization problems.



Global Minima

Local vs. global minima

Last lesson, we only developed methods for finding local optima.

f(z)




Types of Minima

Big picture

We want to find

Global minima could be either
or

Without €, global minima are just
an unconstrained local minima.

With €, global minima may
the boundary of the constra

le on

INt set.

Find local minima, then test!

f(z)
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® |ocal min
@ global min



Convexity

Non-example (d = 1)

Functions that have many "hills/

valleys” are deceptive.

Local minima look like g
when we're sufficiently ¢

obal minima
ose.

f(z)
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Convexity
Non-example (d = 2)

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Functions that have many "hills/valleys” are .
deceptive. :

Local minima look like global minima when s
we're sufficiently close. :
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https://samuel-deng.github.io/assets/lec/nonconvex_surface_gd_alt.html

Convexity
Example (d = 1)

fw) = (w—-3)*+ (3 —w)*

A convex function is a function that is “bowl- :
shaped.”

Their local minima are global minima.

f(=)




Convexity
Example (d = 2)

A convex function is a function that is “bowl-
shaped.”

Their local minima are global minima.


https://samuel-deng.github.io/assets/lec/running_example.html

Convexity
Example (d = 2)

A convex function is a function that is “bowl-

shaped.”

Their local minima are global minima.

Goal: We will use gradient descent to solve
convex optimization problems!
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https://samuel-deng.github.io/assets/lec/running_example.html

Convex Optimization Problem

Definition

A (also known as convex program) is an optimization problem:
minimize f(Xx)
subject to X € €

where f(X) is a and 6 is a

f(x) is "bowl-shaped” and € has "no holes” or “gaps”



Convexity

Line segments

Line segments are very important to the study of convexity.

For any two points X,y € R, the between X and y is the set of points:

IX,¥y] ={(1l—-a)x+ay:aec]|0,l]]}

Sometimes, we'll denote the line segment as [X, y].



Convexity

Line segments

Example. Line segment betweenx =1 and y = 3.



Convexity

Line segments

Example. Line segment between x = (1,1) andy = (2,3).



Convex Sets
Intuition, Definition, and "Algebra”



Convex Sets
ldea

A convex set is a “set with no holes or gaps.”

We can draw a line between any two points and stay inside the set.



Convex Sets

Definition

AsetS C R%is a it, forany X,y € S, the point(1 —a)x+ ay € S fora € [0,1].

That is, the line segment between any two points is completely in §.



Examples of Convex Sets
[Rd

Why is R? a convex set?



Examples of Convex Sets

Line

Perhaps the most basic nontrivial example of a convex set is a line.
For any two points X,y € R, the passing through x and y is the set of all points
(1 —a)x+ ay,

forany a € R.



Examples of Convex Sets
Hyperplane

A is the set of points
(x e RY: w'x = b},
where w € R? and b € R are fixed, and w # 0.

Why is this convex?



Examples of Convex Sets
Halfspace

A is the set of points
(x e RY: w'x < b},
where w € R? and b € R are fixed, and w # 0.

Why is this convex?



Examples of Convex Sets
Neighborhoods

The centered at ¢ € R? with radius 8 > 0 is the set:
Bs(c) == {x € RY: |Ix —¢|| < 8} .

Why is this convex?



Closure of Convex Sets
The "Algebra” of Convex Sets

We can combine convex sets by using operations that preserve convexity:

Intersection. The intersection of (possibly infinite) convex sets is convex.

Scalar multiplication. If C C R%is a convex set, then so is

aC :={ax:x € C} fora € R.

Translation. If C C R%is a convex set, then so is

C+a:={x+aceR?:xeC)}foranya e R

See Boyd and Vandenberghe Section 2.3 for reference and more rules.



Convex Functions
Intuition, Definition, and "Algebra”



Convex Function
ldea

A is a function that is "bowl-shaped.”

All line segments through any two points lie above the function.

it differentiable, all tangents are below the tunction.



Convex Function

Definition

A function f: RY - R is a if, for any x,y € R% and for any scalara € Rwith0 < a < 1,

flax+ (1 —a)y) < af(x) + (1 — a)f(y).

That is, the (secant) line segment between any two points lies above the function.

Concave functions are negative convex functions.



Convex Function

Definition f@) = (e -1 +1

5
o— af(1) + (1 - a)£(2)

A function f: RY 5 Ris a it, forany x,y € R4
and for any scalara € Rwith0 < a <1,

flax+ (1 — a)y) < af(x) + (1 — a)f(y).

hat is, the (secant) line segment between any two points lies
above the function. 2

Concave functions are negative convex functions.




Convex Function

Definition

A function f: R? - R is a convex function if, for any X,y € R4
and for any scalara € Rwith0 <a <1,

flax + (1 — )y) < af(x) + (1 — f(y). |
hat is, the (secant) line segment between any two points lies . v
above the function. e >

Concave functions are negative convex functions.


https://samuel-deng.github.io/math4ml_su25/assets/figs/convex3d_def1.html
https://samuel-deng.github.io/math4ml_su25/assets/figs/convex3d_def1.html

Convex Functions
First-Order Definition of Convexity

A differentiable function f : RY -5 Ris a it, forany X,y € R4

A¥) 2 fX) + Vi () (y = x).

The linearization at any X lies below the function.



Convex Functions
First-Order Definition of Convexity

fl@)=(x—1)*+1

f(2)+Vf2)' (z - 2)

A differentiable function f: R - Riis a | I
it, forany X,y € R4

A¥) 2 fX) + Vi () (y = x).

The linearization at any X lies below the tfunction. )




Convex Functions
First-Order Definition of Convexity

A differentiable function f : RY 5 R is a convex function
if, for any x,y € R,

A¥) 2 fX) + Vi f(0) ' (y = %)

(ex R}

The linearization at any X lies below the function.



https://samuel-deng.github.io/math4ml_su25/assets/figs/convex3d_def2.html

Convex Functions

Second-Order Definition of Convexity

A twice-differentiable function f : RY 5 Ris a it, forany x € R4 the Hessian
V,%f(x) is positive semidefinite:

dTV,%f(X)d > (O foralld € R?

The function has a nonnegative “second derivative.”



Convex Functions

*—af(l) + (1 -a)f(2)

Three characterizations

flax+ (1 —a)y) < af(x) + (1 — a)f(y).

AN

f(x)

A%

It differentiable: f(y) > f(X) + fo(X)T(y — X)

A\

VvV

If twice-differentiable: d ' V%f(x)d > () foralld € R%

N/




Examples of Convex Functions

Quadratic Functions

Always keep this canonical "bowl-shaped” example f: R - R in mind:

flx) = x°



Examples of Convex Functions

Quadratic Forms

More generally, always keep quadratic forms f: R = R in mind:

f(x) = x' Ax for symmetric d X d matrix A.



Examples of Convex Functions

Affine Functions

Letw € R? be some vector and letb € R be some scalar.

fX) :=w'x+b.



Examples of Convex Functions

Other examples of convex functions on R

Exponential. e** is convex for any a € R.

Powers. x“ is convex on (0,00) foranya > 1 ora <0, and concave for0 <a < 1.

Powers of absolute values. x ¥ is convex on R, forany p > 1.
Logarithm. log x is concave on (0,00).

Negative entropy. xlog x is convex on (0,00), or convex on [0,00) it we detfine 0log0 := 0.



Examples of Convex Functions

Other examples of convex functions on R?

Norms. Any norm || - || on R%is convex. This includes the Euclidean/#, norm:
d
o 2
1x]l, = X;
\4
Max function. The function f(X) := max{x,, ..., x,} is convex.

Log-sum-exp. The function f(x) := log (exl + ...+ exd) IS convex.



Closure of Convex Functions

The “Algebra” of Convex Functions

We can also combine convex functions with operations that preserve convexity:
Nonnegative weighted sum. It f,, ..., f, convex, then g(x) ;== 4,/;(X) + ... + 4 f,(X) is convex.
Extends to infinite sums and integrals.
Pre-composition with affine function. If fis convex, so is f(AXx + b).
Maximum. If f,, ..., f, are convex, then g(x) := max{f,(X), ..., f,(X)} is convex.
Extends to pointwise supremum.

See Boyd and Vandenberghe Section 3.2 tor comprehensive reference.



Veritying Convexity

In order of preference...

To verify that f: RY — R is convex:

1. Construct function from known convex functions (e.g. exponential, affine, etc.) and closure
properties.

2. It differentiable/twice-differentiable: Use first-order or second-order equivalent definitions
of convexity.

3. Restricttoaline: f: C - R is convex if and only if, for every X,y € C, if the function
g(a) .= flax+ (1 — a)y) is convex fora € [0,1].

4. Directly verity using the definition of convexity: flax + (1 — a)y) < af(x) + (1 — a)(y).



Convex Optimization
L ocal minima are global minima



Convex Optimization
Optimality condition

minimize f(Xx)
xeR¢

subject to X € €

where fis a convex function and € is a convex set.

The most important property of these optimization problems is:

All local minima are global minimal!



Convex Optimization
Optimality condition

f(@) = (z-1)* +1

5
*— af(1) + (1 -a)f(2)

minimize f(Xx)
xcR¢

subject to X € €

where fis a convex function and € is a convex set.

f(z)

The most important property of these
optimization problemsis: s

All local minima are global minimal!




Convex Optimization
Optimality condition

minimize f(Xx)
XERCZ 2
subject to X € €

where fis a convex function and € is a convex set.

The most important property of these optimization
problems is:

All local minima are global minimal!
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Convex Optimization
Main Optimality Theorem

Theorem (Optimality for convex optimization). For a convex function f: R - R and a convex
set @ C R? consider the optimization problem:

minimize f(X)
xcR¢

subject to x € 6

Then, it x* € Cis a local minimum, it must also be a global minimum:

f(x*) < f(x)forallx € €.



Convex Optimization

Step 1: Use definition of local minimum

Goal: f(x*) < f(x) forallx € 6.
Because x* is a local minimum, there is a neighborhood By(x*) around x* such that
f(x*) < f(x) for all x € € N By(x*).

This allows us to move in all (feasible) directions from x*.



Convex Optimization

Step 2: Consider line segment to another point

Goal: f(x*) < f(x) forallx € 6.
From Step 1, f(x*) < f(x) for all x € € N By(x*).
Choose any 'y € €, not necessarily in B5(x*), and consider the line segment [x*, y] defined by:

IX*, y] :={(1l—-a)x*+ay:aec]|0,l1]}.
y

D



Convex Optimization

Step 3: Take a small step in line segment direction

Goal: f(x*) < f(x) forallx € 6.

From Step 1, we got a neighborhood, f(x*) < f(Xx) for all x € € N Bs(x*).

From Step 2, we got the line segment:
IX*,y] ={(l —-—a)xX*+ay:aec|01]}.
For a < o (sufficiently small), we're still in the neighborhood, so:

J&x*) < f((1 = a)x* + ay).

.®
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Convex Optimization

Step 4: Use convexity to extrapolate outside of the neighborhood

Goal: f(x*) < f(x) forallx € €.

For a < o (sufficiently small), we're still in the neighborhood, so:

J&x*) < [((1 = a)x* + ay).
Using the definition of convexity,

Jx*) < [((1 = a)x* + ay)
<(d-ofxHt+ofyy

X
Rearranging, we get: «

f(x*) < f(y), where we chose y € & arbitrarily.



Convex Optimization
Main Optimality Theorem

Theorem (Optimality for convex optimization). For a
convex function f: R - R and a convex set
€ C R? consider the optimization problem:

minimize f(X)
xcR¢

subject to x € 6

Then, it x* € Cis alocal minimum, it must also be a
global minimum:

fx*) < f(x)forallx € 6.
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Convex Optimization

Optimality Theorem for Differentiable Functions

Theorem (Optimality for convex optimization for differentiable functions). For a convex,
differentiable function f: R - R and a convex set € C R

minimize f(X)
xeR¢
subject to x € 6

Then, x* € € is a global minimum it and only if:

VX' (x —x*) > 0forall x € 6.



Convex Optimization

Optimality Theorem for Differentiable Functions

Theorem (Optimality for convex optimization for
differentiable functions). For a convex, differentiable

function f: RY > R and a convex set € C R

minimize f(x)
xeR?

subject to x € 6

Then, x* € € is a global minimum if and only if:

VAx*)'(x —x*) > 0forallx € 6.




Gradient Descent and Convexity
Theorem Statement and Proof



Types of Minima

Big picture

We want to find

Global minima could be either
or

Without €, global minima are just
an unconstrained local minima.

With €, global minima may
the boundary of the constra

le on

INt set.

Often hard to do analytically!

f(z)
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® |ocal min
@ global min



Gradient Descent
Algorithm

Initialize at a randomly chosen w) € R4
For iterationt = 1,2,...,T:
w® — W=D _ v Awi-D)

Return final w', with objective value filw'").



Gradient Descent

Theorem 1: Descent Lemma (Formal)

Theorem (Descent Lemma). If f € €* and is f-smooth, then with # = 1/8, for any w € R¢,

1
Jw =nViw)) < f(w) 2 VAW



f(z)

Gradient Descent

Behavior for d = 1 “Bowl-shaped” Functions




Gradient Descent

Behavior for d = 2 "Bowl-shaped” Functlons

© 10
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Gradient Descent

Behavior for d = 2 "Bowl-shaped” Functlons
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Gradient Descent

Theorem 1: Descent Lemma (Formal)

Theorem (Descent Lemma). If f € €2 and is f-smooth, then with n = 1/, for any w € R¢,

1
Jw =nViw)) < f(w) 2 VAW




Gradient Descent

Theorem 2: GD on convex, smooth functions

Theorem (Convergence of GD for smooth, convex functions). Let f: R — R be a 2, f3

-smooth, and convex function. Let X* be the global min. of f, i.e. f(x*) < f(x) forall x &
. . . 1 _ . p
It we run gradient descent with step size n = E and initial point x, € R,
sk ﬁ %12 %12
f(xp) — f(x*) < — ([Ixg — x*||* = [|Ix; — x*]|?),

2T

after T iterations of our algorithm.

R4,




Gradient Descent

Theorem 2: GD on convex, smooth functions

fxp) — fix¥) < % (l1xo = x*I12 = 1%y — x*[12)


https://samuel-deng.github.io/assets/lec/running_example.html
https://samuel-deng.github.io/math4ml_su25/assets/figs/running_example_etabig.html

Gradient Descent

Theorem 2: GD on convex, smooth functions

fxp) — fix¥) < % (l1xg = x*I12 = [1xy = x*[12)


https://samuel-deng.github.io/assets/lec/running_example.html
https://samuel-deng.github.io/math4ml_su25/assets/figs/running_example_diffx0.html
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Gradient Descent

Proof of GD Theorem for Convex, f-smooth functions

We want to show:

fixp) — f(x*) < % (HXO — X*¥||? — ||x7 — X*Hz), after T iterations of GD.

Descent lemma. For any iterationt =1,2,..., T,

fx,_)) < fix,) - %u V)|

First-order definition of convexity. For any x,y € R¢,

Vx)'(y — x) +f(x) < A(y).



Gradient Descent

Step 1: Define “potential function”

Goal: f(x;) — f(x*) < % (HXO — x*||% — || X7 — X*Hz), after T iterations of GD.

Fix the optimal x* € R% Consider the “potential” function ® : RY — R:

1 2
O(x) = —||x — x*||“.
21

This tracks our distance from the minimum, x*. At X,_,, our potential is:

O(x,_|) = EHXt_l — x*||?, where we chose n = 1/p.



Gradient Descent

Step 2: Analyze drop in potential from x_, to x,

Goal: f(xy) — f(x*) < % (HXO — xX*||? — |Ix — X*Hz), after T iterations of GD.

Make sure that the the potential “drops” by a positive amount in each step: ®(x,_;) — ®(x,) > 0.

1
Analyze this quantity, plugging in the GD step: X, = X,_; — = Vf(X,_)).

g
1
D(x,_;) — D(x,) = guxt_1 —x*|? - gnxt_1 - V) =X
2 1
= guxt_1 — x*| —g (uxt_1 =X = 2 =X VS + HVf(xt_l)nZ)
T 1 2
= (X = X9 Vfx,_) - —[IVfx,_)I%

2p



Gradient Descent
Step 3: Deal with (x,_, — x*)' Vf(x,_,) using first-order def. of convexity

Goal: f(x;) — f(x*) < % (HXO — x*||% — || X7 — X*Hz), after T iterations of GD.

Forany x,_; € R?and x* € R,

Vf(xt—l)T(X* — X, 1) +f(X,_1) < f(XF).

Rearranging, we get a lower bound:

Vf(Xt—l)T(Xt—l —X*) 2 f(X,_1) — f(X¥)



Gradient Descent

Step 2: Analyze drop in potential from x_, to x,

Goal: f(xy) — f(x*) < % (HXO — xX*||? — |Ix — X*Hz), after T iterations of GD.

Make sure that the the potential “drops” by a positive amount in each step: ®(x,_;) — ®(x,) > 0.

1
Analyze this quantity, plugging in the GD step: X, = X,_; — = Vf(X,_)).

g
1
D(x,_;) — D(x,) = guxt_1 —x*|? - gnxt_1 - V) =X
2 1
= guxt_1 — x*| —§ (uxt_1 =X = 2 =X VS + HVf(xt_l)nz)

T 1 2
= (X,_; —X*) Vf(X,_1) 2 I VAx_DII"
> f(X,_1) — f(XF)



Gradient Descent
Step 4: Deal with (1/28)||Vf(x,_,)||* using descent lemma

Goal: f(x;) — f(x*) < % (HXO — x*||% — || X7 — X*Hz), after T iterations of GD.

By descent lemma for f-smooth functions:

fx ) < fix) ;ﬁ IV )l

Rearranging, we can lower bound:

1
2 IVA)II® 2 f(x,) — f(x,_y).




Gradient Descent
Step 5: Lower bound drop in potential

Goal: f(xy) — f(x*) < % (HXO — xX*||? — |Ix — X*Hz), after T iterations of GD.

Make sure that the the potential “drops” by a positive amount in each step: ®(x,_;) — ®(x,) > 0.

1
Analyze this quantity, plugging in the GD step: X, = X,_; — = Vf(X,_)).

g
1
D(x,_;) — D(x,) = guxt_1 —x*|? - gnxt_1 - V) =X
2 1
= guxt_1 — x*| —§ (uxt_1 =X = 2 =X VS + HVf(xt_l)nz)
|
= (% = X VAK_) = == VXD 2 fx,p) = %) + f(x) = f(x,_))

2p
> f(X,_1) — f(X*) = f(x,) — f(x*)



Gradient Descent
Step 5: Lower bound drop in potential

Goal: f(x;) — f(x*) < % (HXO — x*||% — || X7 — X*Hz), after T iterations of GD.

The "drop in potential” is at least f(x,) — f(x*).

O(x;,_1) — D(x;) 2 f(x;) — f(X*)

This means our potential always drops by a positive amount it we're not yet at the minimum!



Gradient Descent

Step 6: Sum up and telesecope

Goal: f(x;) — f(x*) < % (||XO — X*||? = [|xy — X*||2), after T iterations of GD.

T T
D O(x,_ ) — @(x) > D flx,) — f(x*)
=1 =1

T
Simplity the left-hand side ®(x,) — ®(x;) > Zf(xt) — f(x*) by telescoping sum.

=1

T
Simplify the right-hand side ®(x) — ®(x;) > Y f(x,) — f(x*) > T(f(x;) — f(x*)) by bounding f(x,) > f(X7).

=1

By the definition of potential ®(x) = =||x — x*||?, we proved our claim:

2
2 (g = x¥1 = oy = x¥I1) 2 foxp) = fx")



Gradient Descent

Theorem 2: GD on convex, smooth functions

Theorem (Convergence of GD for smooth, convex functions). Let f: R = R be a €, 5
-smooth, and convex function. Let x* be the global min. of f, i.e. fix*) < f(x) for all x € R

1

It we run gradient descent with step size n = E and initial point x, € R,
p
J(X7) — f(x*) < ST (HX() — x*||* — %7 — X*Hz),

after T iterations of our algorithm.

Gradient descent always eventually reaches minimum for convex functions!



Gradient Descent and OLS

"Uniting” our two main stories



Gradient Descent and OLS

Veritying OLS fits our theorem

We just need to f(w) = || Xw — sz to be €72, f-smooth, and convex.
1. €2 Hessianis Vf(w) = 2X'X.
2. [-smooth. Recall the definition: 4_ . .( V?f(x)) < . Satisfied as long as:

X'X) < /2.

/lmax

3. Convex. Can use definition, first-order definition, or second-order definitions.



Gradient Descent and OLS

Uniting our two stories

Theorem (GD applied to OLS). Let X € R™% and y € R" be fixed. Let the maximum eigenvalue
A of X X satisfy 4 < /2. Let w* be a (global) minimizer of fiw) = || Xw — y||*, satisfying:

max

1Xw* — y||? < [|Xw —y||? for all w € R?.

After T iterations of gradient descent with step size n = 1/f and initial point w, € R:

p
IXwz—yI* = [IXw* —y||* < T (Ilwg — W[ = [Iwg — w*[|?) .



Gradient Descent
Algorithm for OLS

What does gradient descent look like for OLS? Recall the objective function and its gradient:
fow) = I Xw—y[[?=w'X'Xw-2w'X"y +y'y

Viw) =2X"Xw - 2Xy



Gradient Descent
Algorithm for OLS

Viw) = 2X'Xw — 2Xy, so the gradient descent algorithm for OLS is:
Make an initial guess wy,.
Fort=1,2.3,...

Compute: W, < w,_; — 2nX " (XW — y).



Gradient Descent
Algorithm for OLS

Make an initial guess wy,.
Fort=1,2,3,...

Compute: W, < w,_; — 2nX " (XW — y).

(g W3

wi

w2


https://samuel-deng.github.io/assets/lec/running_example.html

Gradient Descent
Synthetic Dataset (7 = 0)



https://samuel-deng.github.io/math4ml_su25/assets/figs/linreg_gd_plane_T0.html

Gradient Descent
Synthetic Dataset (T = 5)
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https://samuel-deng.github.io/math4ml_su25/assets/figs/linreg_gd_plane_T5.html

Gradient Descent
Synthetic Dataset (7' = 30)
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https://samuel-deng.github.io/math4ml_su25/assets/figs/linreg_gd_plane_T30.html

Solving OLS iteratively vs. analytically

Why use GD instead of the normal equations?

Solving the normal equations directly w = (X'X)" !Xy takes

O(d’n + d°) operations.

Running gradient descent w, « w,_; — 25X (XW — y) for T steps takes

O(Tdn) operations.



Recap



Lesson Overview

Convexity. A property of sets and functions that affords us a lot of nice “linearity-like” properties.

Convex set. A convex is a set that has no holes. The line segment between any two points lies
completely in the set.

Convex function. A function that is bowl-shaped. Between any two points, the line segment is above
the function.

Convex optimization. Optimization problems with convex objectives and convex constraint sets. All
local optima are global optima.

Gradient descent for convex problems. GD on convex functions is guaranteed to find a global min.

Gradient descent for OLS. We unite the two stories of this class and analyze GD applied to OLS!



Lesson Overview

Big Picture: Least Squares
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https://samuel-deng.github.io/math4ml_su25/assets/figs/convex3d_def2.html
https://samuel-deng.github.io/math4ml_su25/assets/figs/convex3d_def1.html
https://samuel-deng.github.io/math4ml_su25/assets/figs/convex3d_def1.html

Lesson Overview
Blg Picture: Gradient Descent
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https://samuel-deng.github.io/assets/lec/nonconvex_surface_gd_alt.html
https://samuel-deng.github.io/assets/lec/running_example.html

